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lHTerpat.~iR aKaACMI~HOI TpCHalKepnoi Ta npaKTH~HOl niArOTOBIOI cj>axiBl\18 t.!OpCbKOI raApi. 
Ko11eKTHBHa wonorpacj>i• 

Annotation. An important component of graduate students training is the 
acquisition of skills in interpreting problem-solving using modern computer 
mathematics systems. Obtaining of such skills is impossible without the use of 
educational tasks that demonstrate not only the advantages of modern mathematical 
methods, but also their shortcomings and the consequences of violating the conditions 
of application of these methods. 

The purpose of the article is to analyze the methodological features of solving 
multiparameter optimization problems using Computer Mathematics Systems. 

The subject of the research is the problems of multiparameter optimization with 
such features as polymodal object functions, the presence of asymptotic hyperplanes 
in the object function, the existence of many equal extrema, and so on. 

General scientific methods of analysis, analogy, modeling, abstraction, formalization 
are used to perform research. When studying the methods of multiparameter 
optimization in the educational literature, examples of unimodal objective functions 
are mostly given. This leads to the fact that the shortcomings of optimization methods 
are ignored. This article presents three examples with different features of object 
functions. In the first problem, the objective function has 120 equal maxima in 
the range of admissible values. In the second problem, the graph of the objective 
function has an asymptotic horizontal plane. Both problems belong to the problems 
of multiparameter optimization. In the first problem, the objective function depends 
on 10 arguments. In the second problem, the objective function depends only on two 
arguments and, accordingly, its visualization is possible. However, the correct solution 
of both problems requires their theoretical analysis to correctly interpret the results 
of the approximate optimization methods application. The third of the considered 
problems is interesting in its analytical solution by the methods of variational calculus 
leads to a system of algebraic equations that has more than one solution. From the 
obtained results we choose the point of the global minimum. Approximate methods 
clearly find the point of the global minimum. because the problem is unimodal. 
Obviously, when studying the optimization methods, it is advisable to use problems 
that illustrate the limits of application of these methods. This should help prepare 
graduate students to independent research. 

Key woras: Nonlinear multipara meter optimization, conditional global optimization, 
multi-extreme problems. 

Bcryn. Amt 3aAa'l onT1-1MiJa4ii, 3 stKI-1MI-1 AOBOA1-1Tbcst CTio1KaTio1Cst 3A06ysa-.aM 
HayKosoro CTYneHst PhD rpyn1-1 cne4iaJ1bHOCTe~ "TexHi'lHi HayKI-1" np1o1 Blo1KOHaHHi 
A1-1CepTa4i~HI-1X AOCJliA>t<eHb, xapaKTepHoto € Blo1COKa BI-1MipHiCTb Ta HastsHicTb 
6araTbOX eKCTpeMyMiB y Q>yHK4ii U,iJli. 

nepwi MeTOAI-1, opi€HTOBaHi Ha p03B'st3aHHSI 6araTOeKCTpeMaJlbHio1X 3aAa'l, 
nplo1pOAHI-1M 'llo1HOM nos'st3aHi 3i Cnpo6aMio1 yJaraJlbHio1Tio1 MeTOAI-1 JlOKaJlbHOi 
OnTI-1Mi3a4ii Ha 6araTOeKCTpeM3JlbHio1.:1 Bl-1n3AOK (1). Ll,i MeTOAI-1 TaK 'll-1 iHaKWe 
noB'st3aHi 3 reHepyBaHHSIM Blo16ipKio1 no'laTKOBio1X TO'lOK JlOKallbHOrO cnycKy Ta 

ss 

PoJAilll. AxaAeMi'lna niArOTOBKa cj>axiBlliB MOpCbKo'i ra11y3i. 
Crtacui niAJCOAII Ta mnooa4il 

Ji CXeMaMI-1 BiA6opy cepeA 41-1X TO'lOK 6illbW nepcneKTio1BHio1X. 3 OrllSIAOM 41-1X 
MeTOAiB MO>t<Ha 03Ha~OMio1Tio1CSI B po6oTi (1, C. 12-15, 154-155). 

Cy..acHi MeTOAI-1 po3s'st3aHHst BKa3aHio1X 3aAa'l 11ori'lHO p03Aii11-1TI-1 Ha ABi rpyn1-1: 
• MeTOAI-1, SIKi peaJliJytoTbCSI 3a AOnOMOrOto MiHiMaKCHio1X allrOPio1TMiB; 
• MeTOAI-1, stKi pealli3ytoTbCst 3a AOnoMoroto aJlroplo1TMis onTI-1MaJlbHI-1X 

B cepeAHbOMY Ha niACTasi ~MOBipHicHI-1X ystBJleHb npo Q>yHK4ito 4i11i. 
MeTOAI-1 APvroi rpyn1-1, B csoto -.epry, AillstTbCst Ha TaKi, 3a AOnoMoroto stKI-1X 

peAYK4hl 6araTOBI-1MipHoi 33Aa'li OnTI-1Mi3a4ii AO eKBiBaJleHTHOi OAHOBio1MipHOi 
3AiHCHIO€TbCSI WJlSIXOM 

• po3B'st3aHHst noCJliAOBHOCTi peKypclo1BHO 3s'st3aHio1X OAHOBI-1MipHI-1X 
niA3aAa'l [1, c. 155-168); 

• 3aCTOCysaHHSI p03rOpTOK {Kplo1Bio1X, ll.\0 33nOBHIOIOTb npoCTip), SIKi BiA06pa­
>KatoTb 6araTOBio1MipHy 06JlaCTb Ha BiAPi30K AiHCHOi Bici (1, C. 168-214; 2-3). 

Y Clo1CTeMaX KOMn'toTepHOi MaTeMaTio1Kio1 pealli30BaHi, rOJ10BHio1M 'llo1HOM, 
KJ13Cio1'lHi MeTOAI-1 p03B'st3aHHSI 6araTOeKCTpeMaJlbHio1X 3aAa'l, SIKi Blo1KOplo1CTO­
BYIOTb reHepa4i10 MHO>Kio1Hio1 nO'laTKOBio1X TO'lOK. BiApi3HSIIOTbCSI 4i MeTOAI-1 BloiMO­
raMI-1 AO HenepepsHOCTi Ta A1-14>epeHu,i.:1osaHOCTi u,illbOBoi Q>yHKu,ii Ta 4>YHK4i.:1, 
ll.\0 BXOAS!Tb AO on1-1cy 06Me>t<eHb (5-7). 

Cy-.acHi MeTOAI-1 mo6allbHOi OnTI-1MiJa4ii npeACTaBJleHi 3Ae6illbWoro 
nporpaMHI-1MI-1 MOAYilSIMI-1, stKi po3po611sttoTbCst asTopaMI-1 41-1x MeTOAiB, i He 
MatoTb Wlo1POKOrO KOJla KOplo1CTyBa'liB. 

TaKio1M 'llo1HOM, cnoCTepira€TbCst seJ11-1KI-1H p03plo1B Mi>t< pisHeM MaTeMaTI-1'lHOi 
niArOTOBKI-1 3 MeTOAiB OnTI-1Mi3aU,ii, SIKI-1H HaAa€TbCSI Ha 6aKaJlaBpCbKOMy Ta Maric­
TepCbKOMY pisHi 3A06yBa'liB Blo1ll\Oi OCBiTI-1 3 iH>KeHepHio1X cneu,iaJlbHOCTeH, Ta 
He06XiAHI-1M piBHeM BOJlOAiHHSI OnTI-1Mi3a4iHHio1Mio1 MeTOAaMI-1 AJlSI ix KBalliQ>iKO­
BaHoro 3acTocysaHHst np1-1 npoBeAeHHi A1-1CepTau,i.:1Hio1X AOCJliA>t<eHb. 

Y AaHiH po6oTi aHalli3ytoTbCst nplo1KilaA1-1 3aAa'l mo6aJlbHOi om1-1Mi3a4ii, ll\O 
MaiOTb p03B1SI3Kio1, SIKi He 3aB>KA1-1 MO>KYTb 6yr1o1 3HaHAeHi BiAOMI-1Mio1 Ha6Jllo1>Ke­

Hio1Mio1 MeTOAaMI-1. 
MeTOAI-1 HelliHiHHoi onT1-1MiJa4ii MaTeMaTio1'lHoro npo4ecopa Maple. 
AoCJ1iAI-1MO npa4e3AaTHiCTb MeTOAiB yMOBHOi onTI-1Mi3au,ii, stKi BXOAstTb 

AO 6i611ioTeK1o1 MeTOAiB HeJliHiHHoi onntMiJau,ii KOMaHAI-1 NLPSolve naKeTY 
Optimization MaTeMaTI-1'lHoro npou,ecopa Maple. 

Ll,i MeTOAI-1 po3p06JleHi Q>axiB4SIMI-1 KoMnaHii Numerical Algorithms Group 
(NAG). Ha3BaHi MeTOAI-1 € iTepau,i.:1Hio1MI-1 3a CB0€10 np1-1pOAOto i Blo1MaratoTb BiA 
KOPio1CTyBa'la Blo16opy no'laTKOBOi TO'lKI-1. 

0'leBI-1AHO, ll.\0 SIKiCTb p03B'st3KY 3aAa'li onTio1Mi3aU,ii MO>Ke Clo1JlbHO 3aJle>KaTI-1 
BiA 3AiHCHeHOrO Blo16opy no'laTKOBOi TO'lKI-1. AJlst nplo13Ha'leHHSI no'laTKOBOi TO'lKI-1 
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lHTerpaQill aJ<afiCMi•IHO'i rpeHaJKepno'i Ta npai<Tll'lHO'i niArDTOBKII cpaxiBQiB MOpCbJ<Ol faAYJi. 
KoAeKTHBna MonorpacpiJI 

BHKOpHCTOBY€TbCJI OnL,\iJI initialpoint. Y pa3i i rHopyBaHHJI KOPHCTYBaYeM U,i€i 
onu,ii noYaTKOBa TOYKa reHepy€TbCJI aBTOMaTHYHO. 

CepeA MeTOAiB, J!Ki MO>KYTb BHKOpHCTOByBaTHCJI npH BHKOHaHHi KOMaHAH 
NLPSolve, TillbKH OAHH opi€HTOBaHH.:1 Ha po3B'Jt3aHHJt AOBillbHHX HelliHi.:1HHX 
3aAaY OnTHMi3aU,ii 3 06Me>KeHHJIMH a6o 6e3 HHX - MeTOA OOCJliAOBHOfO KBaApa­
THYHOro nporpaMYBaHHJI. MeTOA 06Hpa€TbCJI 3a AOnOMOrOIO 3HaYeHHJI napa­
Mer pa method = sqp. 

Y MeTOAi BHKOpHCTOBYIOTbCSI nOXiAHi U,illbOBOi QlYHKU,ii, RKi 06YHCJ11010TbCSI 
aBTOMaTHYHO a6o JIBHO H3AaHi Yepe3 napaMeTpH. fiKll.\0 aHalliTHYHe 06YHCJleHHSI 
noxiAHHX HeMO>KilHBe, TOAi o6YHCI11010TbCJI Ha611H>KeHi 3HaYeHHJI noxiAHHX. 

fiKll.\0 sapiaHT MeTOAY KOpHCTYBaYeM He o6paHHH, TOAi MeTOA BH6Hpa€TbCJI 
KOMaHAOtO NLPSolve 3riAHO 3 HacrynHHMH npaBHilaMH. fiKll.\O 3aAaYa onrHMi-
3au,ii OAHOBHMipHa i He06Me>KeHa, KpiM KiHU,eBHX Me>K, BHKOpHCTOBY€TbCSI MeTOA 
KBaApaTHYHOi iHTepnOilRU,i'i, fiKll.\0 3aAaYa OnTHMi3au.ii He06Me>KeHa i MO>KilHBe 
o6YHCJleHHJI rpaAiEHTY u.inbosoi ¢YHKU,ii, TOAi BHKOPHCTOBY€TbCR MeTOA PCG. 
B iHWHX BHnaAKax BHKOPHCTOBYETbCJI MeTOA SQP. 

Y 2011 p 3'JtBHBCR naKeT DirectSearch, RKHH € cyMiCHHM i3 u.i€10 cHcreMotO 
Maple, s JIKOMY peani3osaHH.:1 yHisepcallbHH.:1 MeTOA onrHMi3au,ii COOS 
(Conjugate Direction with Orthogonal Shift). MeroA BHKOPHCTOBY€ cnpJt>t<eHi 
HanpJIMKH pa30M 3 OpTOfOHallbHHM 3CYBOM (7). 

MeTOA cneu,iallbHO po3po6neHH.:1 AJ1R OnTHMi3au.i.:1HHX 3aAaY, s JtKHX u.inbosa 
QlYHKU.iR i 06Me>KeHHJI y BHrllJtAi HepiBHOCTeH nOAatOTbCSI JIK "yopHi Slll.\HKI-1°. 
~illbOBa QlYHKU,iR Ta QlYHKU,ii, RKi BHKOPHCTOBYIOTbCSI AJlSI OnHCY 06Me>KeHb, He 
o6os'st3Koso noBHHHi 6yrH AH¢epeHu,i.:1osaHHMH ra HenepepBHHMH. 

naKeT DirectSearch MiCTHTb ABi rOJlOBHi ¢YHKU,ii: 
• Search - AJlSI nowyKy llOKallbHoro eKcrpeMyMy, HaH611H>KYoro AO noYar­

Kosoi TOYKH; 
• GlobaiSearch - AJlR nowyKy mo6allbHoro eKcrpeMyMy. 
CHHTaKcl-ft U.HX KOMaHA cyMiCHHH 3 CHHTaKCHCOM KOMaHAH NLPSolve. 3a 

3aMosYysaHHJIM reHepy€TbCR 100 noYaTKOBHX TOYOK. AoAaTKoso MO>Ke 6yrH 
OnHCaHa 06/laCTb, B RKi.:1 reHepytOTbCJI nOYaTKOBi TOYKH. 

TecrysaHHR MeTOAiB rno6allbHOi onTHMi3au,ii CKM Maple. 
nepwa 3 aHaJli30BaHHX 3aAaY nponoHyBaJlaCSI Ha 79-iH MaTeMaTHYHi.:1 OlliM­

niaAi iMeHi W illiam Lowell Putnam y 2018 p. [7]. 
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3aAaYa 1. BH3HaYHTH Ha.:16inbwe MO>KilHBe 3HaYeHHR cyMH 
10 

Lcos(3x, ) 
1•1 

(1) 

Po3AiA I . AI<aAeMi'lna nit~rOTOBJ<a cpaxiBQ1B wopCbKoi raAyJi. 
CY'Jacni niAXOAII Ta iunosaQh 

AJ1R Ai.:1cHHX YHcen x1 , i = I; 10 , RKi 3aAOBOilbHRIOTb pisHocri 

10 

LCOS X; = 0 . (2) 
1•1 

Po3s'R3aHHR. 
CnillbHOIO YaCTHHOIO scix cnoco6is po3s'st3aHHR 3aAaYi 1 € BHKOPHCTaHHJt 

QlOPMYilH KOCHHyca norpiHHOro Kyra: 

cos ( 3x1 ) = 4cos3 x1 - 3cosx, . (3) 

Toro>t<HiCTb (3) A03BOI1Jt€ 3BeCTH 3aAaYy yMOBHoi onrHMi3au,ii (1 - 2) AO 3aAaYi 
onTHMi3aU,ii QlYHKU,ii: 

10 

F(y1 ; yl ; ... ;y10 ) = 4LY; -+ max (4) 
1• 1 

3a o6Me>KeHb 

10 

g (yl ; yl; ... ;y10 ) = LYI = 0; 
i 1 

- l $ Yl $ l ; i = l; l 0 . (5) 

OcKillbKH o6nacrb npHnycTHMHX 3HaYeHb 3MiHHHX y , € KOMnaKTOM, TOMY 
QlYHKU,iR (4), OYeBHAHO, AOCS!ra€ Ha HbOMY CBOfO Ha.:16iJlbWOfO 3HaYeHHJI. 

BHMipHicTb 3aAaYi n = lO cyrr€BO ycKllaAHIO€ 3acrocysaHHR KllaCHYHHX 
MeTOAiB p03B'Jt3aHHJI3aAaYi OnTHMi3aU,ii, 30KpeMa, MeTOAY MHO>KHHKiB narpaH>Ka. 

nepwHH cnoci6 (aHanirHYHHH). Cnoci6 po3s'Jt3aHHR, ll.\O nponoHyHbCR asro­
paMH, € 611H3bKHM AO HaBeAeHOrO B (7], a11e Ma€ neBHi MeTOAHYHi BiAMiHHOCTi, 
stKi , Ha AYMKY asropis, cnpHRIOTb nerwoMy po3yMiHHIO anropHTMY no6yAOBH 
po3B'st3Ky. 3sepHeMo ysary Hare, ll.\O u,inbosa ¢YHKU.iR (4) ra n isa YaCTHHa ¢YHK­
u,ioHallbHoro 06Me>KeHHSI (5) € CHMeTpHYHHMH QlYHKU,iRMH. 

fiKll.\0 i-Ta KOOPAHHaTH TOYKH JlOKallbHOrO eKCTpeMyMy Ma€ 3HaYeHHSI i , 
TOAi HOMep iHAeKCY i He 80/lHBa€ Ha 3HaYeHHR QlYHKU,ii U,illi (4) Ta Ha BHKOHaHHSI 
QlYHKU,iOHallbHOrO 06Me>KeHHR (5). 

KpiM TOro, OYeBHAHO, ll.\0 MO>KilHBe BHKOHaHHR piBHOCTe.:1: 

F( .. .; y,; ... ; y 1 ; .. . ) = F( .. .; y 1; ... ; y,; ... ); 

g( ... ;y,; ... ; y,; .. . )=g( .. .; y,; ... ; y,; ... ). (6) 

0T>Ke, cepeA KOOPAHHaT TOYOK llOKallbHHX eKCTpeMyMiB MO>KYTb 6yrH 
nOBTOptOBaHi. 
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lJITCrpal\iJI aKal\eMI'UIOI tpeHaJKCpHOI Ta npaKTII'lHOl niAfOTOBKII «PaxiBQiB MOpCbKOl raAyJi. 
KoACKTHBHa Monorpaq,iJl 

TaKHM YHHOM YMOBHi noKaJlbHi eKcrpeMyMH Q>yHK4iT (4) MO>K'fTb MaTH Mic4e 
8 TOYKaX, KOOPAHHaTI-1 SIKHX CKilaAaiOTb 3 TpbOX rpyn 3HaYeHb BiAnOBiAHO AO 
y3arallbHeHoi reopeMH Bei1Epwrpacca: . . 

y, = ... = Y., = I ; . . 
Ya+l = ··· = Yo+b =-I; . . . 

Ya+b+ l = ··· = Yo+b+< - Y • 

- 1</ < I ; 

a+b+c = IO ; 

a; b; c E N U { 0} . (7) 

TOAi 3aAaYa YMOBHOi OnTHMi3a4iT (4-5) MO>Ke 6YTH CcPOPMYJlbOBaHa TaK: 

3a o6Me>t<eHb 

F(a; b; c;/)=4·(a-b+c(it)~ max (8) 

g(a; b; c;y") = a - b+ cy' = 0; 

- 1</ < l; 

a+b+c = 10; 

a; b; ce NU{O}. (9) 

0YeBHAHO, 140 3 ycix JlOKaJlbHHX MaKCI-1MyMiB 1..\illbOBOi Q>yHKI..\ii (8) 6iJlbWI-1MI-1 
€ Ti, AllSI SIKI-1X b = 0, SIKI40 TaKi iCHYIOTb. nepeeipi-1MO icHyBaHHSI CaMe TaKHX 
noKaJlbHI-1X MaKCHMYMiB y Q>yHK4ii (8). B 1..\bOMY BHnaAKY 3aAaYa onr1-1Mi3a4ii 
Ha6yBa€ Bl-irllstAY: 

3a o6Me>KeHb 

F( a; c;y') = 4·(a + c(y't) ~max 

g(a; c;y' ) = a+cy' = 0; 

- 1< / < 1; 

a+c=10; 

a; ce NU{O}. 

(10) 

(11) 

BI-1MipHicTb 3aAaYi 3HH3HJlacb 3 10 AO 3. KpiM roro, stKI40 3aAaYa onr1-1MiJa4ii 
(4- 5) € 3aAaYeiO HenepepeHoi OnTHMiJa4ii 3a THnoM napaMerpis, TOAi 3aAaYa 
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PoJAiA I . AK;tAeMi'lna niAJ"OTOBtca q,axisqiB wopcbKOI ruy3i. 
Cr1acni ni.uoAu ra innoBal! i"i 

(10-11) Ma€ ABa napaMerpH, stKi npi-111Mai0Tb 4illOYI-1CeJlbHi 3HaYeHHll (a; c) 
i OA1-1H napaMerp (/) , stKI-1H € HenepepBHHM. 

8Hpa3HMO napaMeTp (y') 3 Q>yHKI..\iOHaJlbHOrO 06Me>KeHHSI (11): 

y" =-!: (12) 
c 

Ta niACTaBHMO OTpHMaHI-1H BHpa3 B 4illbOBY Q>yHKI..\i iO (10): 

F(a; c;/)=4{ a+c( -~ })= 4a {1 -(~ )
2

) ~ max. (13) 

Aflst Q>iKCOBaHoro 3HaYeHHSI a cPYHKI..\iSI (13) 3pOCTa€, KOJll-1 a < C. 3 ypaxy­
BaHHSIM o6Me>KeHHst a+ c = I 0 MO>KilHBi raKi napH 3HaYeHb (a; c): 

(1; 9); (2; 8); (3; 7); (4; 6). 

LI,1-1M 3Ha4eHHSIM napaMerpiB BiAnOBiAaiOTb 3Ha4eHHSI 1..\illbOBOi cPYHKI..\ii (13): 

32 15 480 80 
9 ; 2' 49' 9 

0 
v6o ,+.. ••• 0 0 480 

YeBHAHO, 140 Hal-1 IJlbWHM 3Ha4eHHSIM '+'YHKI..\11 41111 € -. 
49 

LJ,e 3HaYeHHst AOCstra€TbCst B TOYKax, stKi MaiOTb TPH KOOPAHHaTH piBHi 1 ra ciM 

KOOPAHHar, stKi piBHi ( -%) . 3a Q>opMynoiO nepecraHOBOK i3 noeropeHHstMH 3'stco­

BY€MO, 140 B 06JlaCTi npHnyCTHMHX 3Ha4eHb napaMeTpiB Q>yHKI..\ii 4iJli TaKHX TOYOK: 

~=120. 
3!·7! 

ApyrHH cnoci6 (KoMaHAa NlPSolve). OcKillbKH AOCiliA>KyBaHa 3aAaYa € 6ara· 
TOnapaMeTpHYHOIO, TOMY JVlSI ii p03B'st3aHHSI BHKOpHCTa€MO CHHTaKCHC KOMaHAH 

NLPSolve y MaTpHYHiH Q>opMi: 

with{Optimization) : 
N: • lO : I KinbKiCTb napaMeTpis 
J$opMyBaHHR ~YHKUll uini 
ObjectFun : proc (V) 
local SObjectFun , 1i ; 
SObjectFun : • 4*sum(V [ii ) , ii • l .. N); 
return SObjectFun: 
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lHrerpaQiJI axaAeMi•mo'i rpenall<epno'i ra npaKTH'IHo'i niworooKH cjlull!Qio ~o~opcbxo'i r;upi. 
KoAexntana MOHorpacjliJI 

end proc: 

fQ0qlo1CJ1e HHR BeKTOpa rpaAiCHTa ~inbOBOi tYHKUii 
obggrd : proc (V, W) 
local ii ; 
for ii from 1 to N do 
W[ii] : 12* V[ii ) A2 : 
end do: 
end proc : 
H~opMysaHHR MaTp1-1 Ub AnR on~cy i HTepsanis 3Mi H~ 3HaYeHb 
napaMeTpi s 
A:=Matrix(2*N,N,O,da t atype=floa t) 
for ii from 1 to N do 
A[ii , ii] := l : 
A[i i +N, ii] : =-1: 

end do: 
b :=Vector(2*N, l , datatype• Ooat) : 

f~opMyBBHHR MBTp1-1Ub ~nR OOHCY tYHK~iOHaJlbHOrO 00Me~eHHR 
Aeq:=Matrix ( 1 , N , 1 , datatype~noal) 

beq : =Vector ( l , O , dalatype~noal ): 

lc : =[A,b, Aeq, beq]: l onHc oOMe~enb 3aAaYi 

MyinitialPoint : = 
Vect or(N, [l , l , l , -0 . 5, -0 . 5, - 0 . 5, -0 . 5, - 0 . 5 , -0 . 5, -0 . 5, ]) : 
IKoOpA~HaTH noqaTKOBOi TOqKI-1 

NLPSol ve~N, ObjectFun , lc , 
initialpoint=Myi~itialPoint , objectivegradient=obj , 

ma ximize ); 

.f!K i CiliA 04iKysaTI1, np1-1 no4aTKosii:1 T044i, liKa e 6nl13bKOto AO OAHI€1 

3 T040K r1106311bHOrO M3KCI-1MYMY, 3H34eHHll rno6aJ1bHOro M3KCI-1MYMY 3H3HAeHO 

3 81-iCOKOIO T04HicTto: 

maxF(y1;y2; ••• ; y10 )""9,7959 

T3 8CT3H0811eHi KOOPA11H3TI-1 TO'IKI-1 HOro 110K311i334ii. 
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P03AIA I. AKaAeMi'lna mArOTOBKa cjlaxlBQiB wopcbxoi ruyJi. 
C}"lacni niAXOAH ra inno&aQi .. 

3a BiACYTHOCTi npi-13H34eHoi 0043TK080i TO'IKI-1 ii KOOPAI-1H3TI-1 reHepytoTbCll 

81-1naAKOBI-1M 41-iHOM. 0641-1CJlto8al1bHi eKcnepi-IMeHTI-1 noKa3al11-1, ll.\O 8 AaHiH 

33A34i npl-1 BI-103AKOBiH 0043TK08i~ T044i 0Tp1-1M3TI-1 3AeK83THI-1H p038'li30K 33 

npi-1HHliTHY KillbKicTb cnpo6 He 8A3€TbCll, He A1-1811li41-1Cb Ha Te, ll.\0 06113CTb 

npl-1nyCTI-1Mio1X 3H34eHb MiCTI-1Tb 120 T040K 3 piBHI-IMI-1 M3KCI-1M311bHI-1Mio1 3H34eH· 

HliMI-1 4>YHK4ii 4i11i 8 HI-IX. 

Tperiii cnoci6 (KoMaHAa GlobaiSearch). KoMaHAa GlobaiSearch nepeA6a1.1ae 

CI-1HT3KCI-1C y anre6pai4HiH 4lopMi, liKa € rpoMi3AKOIO Aflll A3HOi 33A34i Ta iHryiTI-18HO 

BiAnOBiAa€ pyKOni-1CHiH HOTa4ii, TOMY H380A1-1TI-1 nporpaMHI-1H KOA He 6yAeMO. 

A;lll 0641o1CJ110B311bHI-1X eKCnep1-1MeHTiB 06113CTb reHepa4ii 0043TKOBI-1X T040K 

o61-1pa11acll pieHoto o611acri eapito8aHHll 3Ha4eHb napaMerpi8 (ra611. 1). 

Ta611H4JI 1 - XapaKrepi-1CTI-1KI-1 po6or1-1 KOMaHAI-1 np1-1 po3B'li33HHi 3aAa4i 

onr1-1Mi3a4ii (4-5) 

Killi>KicTb 0043TKOBHX T040K max F ( y,; y, ; ... ; Y.n) 4ac BHKOH3HHll, C 

10 9,72 80 
so 9,74 507 

100 
(33 33M08~YBaHHliM) 9,76 987 

T04HicTb 3H3HAeHio1X r1106311bHI-1X M3KCI-1MYMi8 He MO>t<Ha 81-13H3TI-1 

33A08il1bHOIO. 

Or>t<e, 6e3 reopeTI-14Horo aHani3y 3aAa4i 3HaHTI-1 ii T04HI-1H po38'li30K, a TI-1M 

6il1bWe 8CT3HOBI1TI1 4laKT iCHY83HHll 120 T040K pi8HI-1X M3KCI-1MYMiB, 33CTO· 

C083HI1Mio1 H361111>t<eHI-1Mio1 MeTOA3MI-1 rl106311bHOi OnTI-1Mi334ii He 81-1li81-1110Cll 

MO)I(Jll-181-iM. 

33A343 2 [8, C. 30-32]. 3HaHTI-1 MiHiMyM 4>YHK4ii 

F(x;y)= 3·(1 - x)
2 exp( -x2 -(y+ ln-

-10{ ~ - x3 - / }xp(-x2 - l )-

-~exp( - (x+ 1)
2 -l) ~min, 

liKU\O -3 ~ x ~ 3; -3 ~ y ~ 3. 

(14) 
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fHTerpauiJt 3K3ACMi'IHOl TpeHa)l(epHOl T3 npaKTH'IHOl niAfOTOBKH cjlaxiBUiB MOpCbKOl raAyJi. 
KoAeKTHBHa MOHOrpacjliJt 

Po3e'.R3aHHR. 

Y HaB'lallbHOMY noci6H~~tKy [8, C. 30-32) JlOKallbHi MiHiMyMI!t ¢>YHKU.ii (14) 
3HaXOA.RTbC.R 3a AOnOMOfOIO ¢>YHKU.ii fmincon nnn MATLAB, .AKa pealli3y€ MeTOA 
noCJliAOBHoro KBaApaT~~t'lHoro nporpaMyBaHH.R, .RK i KOMaHAa NLPSolve MareMa­
T~~t'lHoro npou.ecopa Maple. 

Oco611~~tBiCTIO ¢>YHKU.ii (14) € re, ll.\O ii rpa¢>iK 3a Me)l(aM~~t neeHoi o611acri 
aC~~tMnTOTI!t'lHO Ha6Jl~~t)l(a€TbC.R AO nllOll.\litHI!t z=O (p~~tc. 1). np~~t BlitKOHaHHi 
Ha6Jl~~t)l(eH~~tX 06'llitCJ1eHb u.e np~~tBOAI!tTb AO BCTaHOBJleHH.R nOMI!tllKOBHX TO'lOK 
eKCTpeMyMiB. 

06HABi KOMaHAH NLPSolve ra Search, .RKi pealli3yi0Tb piJHi onTHMi3a4i~Hi 

MeTOAH, .RK BiA3Ha'laJ10C.R BHll.\e, npH no'laTKOBi~ TO'l4i ( -0,5; 3) 3HaXOA.RTb 
nOMHllKOBI!t~ MiHiMyM y TO'l4i 3 KOOPAHHaTaMI!t (-3; 3) (pHC. 3). 

npH'lHHOIO nOMHJlKI!t, O'leBHAHO, € Ha6J1H)I(eHe 06'lHCJ1eHH.R noXiAHI!tX npH 
KiHU.eBiH p03PliAHi~ ciru.i. 

.. 
PucyHOK 1 - rpaciJiK cPYHKI.jii (14} 

> NLPSo/ve(f, x -3 .. 3, y -3 .. 3, initia/point = { x - 0.5, y = 3}); 
(00000l22l~l'961269272A9. 1 ·] • J 

> Search(/. [ x -3 . .3, y = - 3 .. 3 ], initialpoint = \x = -0.5, y = 3} ); 
0 OOOOJ22Hl"9"1112492. I• -2 99999992H26oll.. 2 9999999601106~). 4lJ 

PucyHoK 2- Pe3ynbmamu po3e'l!30HHJl 3aoa11i onmuMi304ii (14} 

PeJyllbTaroM B~~tKOHaHHll KOMaHAH nowyKy mo6allbHoro eKcrpeMyMy 
GlobaiSearch € nepe11iK llOKallbHHX MiHiMyMiB JaAa'li onTHMiJau.ii (14), l!Ki 
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PoJAiA l. AxaAeMi'IHa niArOTOBKa cjlaxisuiB ~o~opcbKo'i raAy3i. 
C}"'aCHi niAXOAH ra iHHOBaQil 

BiACOpTOBaHi 3a BeJlH'lHHOIO MOAYlliB MiHiMaJlbHHX 3Ha'leHb ¢>YHKU.ii B TO'lKaX 
JlOKaJlbHI!tX MiHiMyMiB (plitC. 3). 

·• Globa/Search(f. lx -3 .. 3,y - 3 .:3)1: 
·•'•tuJHW\64 l .t•OZl&l"'*"J'"'u~•- • • ·1 u•"'_,,,,.nlJ 1n 
-l-~ t••-l.).f."~U.J'•OBA~Ib6'9M0"')60 

-OOIW9.l~MC1~~!'JID (r•..,....1~~JII61II,r•e.Jl01'96N .. IM'OtJ 70 

O ... JW'!~ (J•·Z""""I~,-1,.~1) M 
O .... l~lf 1••1,..,4ZCAt'•:U_J_S JM4; 61 
oc- """"llS...,.. -.., r.- -:• ~~¥~~9M4'"" t •1 ' ,,,,., .••• ,,.,, .. 1 tl 

PucyHoK 3 - Pe3ynbmamu euKoHaHHJl KOMaHou nowyKy zno6anbHozo eKcmpeMyMy 
G/oba/Search onl!3aOalli onmuMi3al.jii (14} 

0'leBHAHO, ll.\O nepwi TPH llOKallbHi MiHiMyMH € npaBHllbHHMH, a iHwi 
€ nOMI!tllKOBI!tMI!t. 

3aAa'la 3. 3HaHTH Ha~MeHwy BiACTaHb Mi)l( KPHBHMI!t: 

(x-6Y +(y - 3y = I ; 

y=x2. 

Po3B'.R3aHHJI. 

(15) 

(16) 

<l>opMallbHO JaAa'la MO)I(e 6yTH nOAaHa IlK JaAa'la OnTHMi3aLJ.ii 3 'lOTHpMa 
napaMerpaMH: 

F(x1;y1;x2;y2 }=(x1 - xS +(y1 - y2 }
2 ~ min 

(x1 - 6}2 
+(y1 - 3}

2 
-1 ; 

1 l 

2 
Y2 = X 2 • 

PucyHoK 3- HauMeHwa eiocmaHb MiJtC zpaciJiKaMu cPYHKI.IiU (15} ma (16} 

(17) 

(18) 

(19) 
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IHterpai.UJI aKaAeMI'IHol tpeHaJI(epHoi Ta npaxTH'IHOI niw otosi H cjlaxis~is wopc&Koi raAy3i. 
KoAeKTHBHa MOHorpa~iJI 

nepWHH cnoci6 (aHalliTH'lHHH). BiACTaHb Mi>K r/laAKHMH KPHBHMH MO>Ke 6YTH 

3HaHAeHa MeTOAaMH Bapiau,iHHOr o 'lHC/leHHll , a CaMe, 3HaXOA>t<eHHllM eKCTpe­

Ma/lbHOrO 3H3YeHHll cPYHKU,iOHa/la [9): 

F(x1;x2 )=JJ1+(y fdx ; (20) 

' 
Ae X1 Ta X 2 Halle>KaTb pi3HHM KpHBHM. 

EKCTpeMa/lbHOIO KPHBOIO AJlll cPYHKU,iOHa/la (20) € npllMa y C
1
:c + C

2 
• 3a 

YMOBOIO TpaHCBepca/lbHOCTi Ta nepeTHHY eKCTpeMa/lbHOi npllMOi 3 3aAaHHMH 

KpHBHMH Ma€MO: 
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x=.- 6 C = -t· 
I 2 I ' vl - (x. - 6) 

2i 2C1 =-1; 

c.;.+ C
2 

= 3+ ~r~ ---(x-. ---6)...,.2 ; 

c.;2 +Cz = .rz2· 

niC/lll OYeBHAHHX nepenopeHb OTpHMY€MO: 

x1 = 2-( 3 ± I~ Jl7} 

i 2 =2; 

c. - 4. 
9 cl =-. 
2 

3a cPOJ'MY/1010 (20) Ma€MO, ll.\0 

' 17 I • Jl7 2 11 
2
Ji7,FHJ 

F(x1; x2 )= [ I+( -4) d'( =-
4
-{ 2-(3+!7JI7 )-2 )~ Jl7 + l ; 

· 11 I 2 Jl7 
2 

'·(1..3.../17 )FHJ 
F(x1 ;x~ ) = I I+( -4) dY- 4 ·2{3-17JJ7)= JJ7 - I. 

OT>Ke, HaHMeHwa BiACTaHb Mi>t< KPHBHMH AOPiBHtO€ Jl7 - I . 

PoJAiA l. AxaAeMi'IHa niAfOTOBKa ~axis4iB Mopc&Jm·i ruyJi. 
Cy>tacHi niAXOAJI ta iHnosa4fi 

Apyr HH cnoci6 (KOM3HA3 NLPSolve). npH 3aCTocyeaHHi KOMaHAH NLPSolve 

3 noYaTKOBOtO TOYKOIO x
1 
= 5; ji

1 
= 3; i 2 = 2; ji2 = 4 n iCJlll Ha611H>KeHHX o6YHC­

neHb oTpHMY€MO TaKHH po3e'll30K jaAaYi (17- 19): 

I • I , . . I 
Opttm.:utum, VIP.'iol•e).(xl- \11" I (l t -y2f, h i - 61' -t l•l- .1f- I . .rl • xi , mi11alpoi11t • ( d - .S, 

1/ 1, xl 2, 1·2 4}] 
-.-........ " .. ~! .... &_h·J•\~--~·,,- _. _, ......... --- .,, ---- .,, .. .., ..... ,._.tr 

TpeTiH cnoci6 (KoMaHAa G lobaiSearch). KoMaHAa GlobaiSearch 3HaXOAHTb 

T3KHH >Ke r11o6aJ1bHHH MiHiMyM. 

( 
2 2 I 2 2 1!1 

Globa/Search (d -xl) + t.,·l - yl) . (xl- 6) + l li -3) " l,yl r x.' ;: 
1•·"-··--·--1,, u ·~ ... \~, O.......WJ iJI~I • I, • • ~.-~,J---"J'''- . ' .. ____.~..,.,--" -.1' .. , I 

8HCHOBKH. npH BHBYeHHi MeTOAiB 6araTonapaMeTpHYHOi OnTHMi3au,ii 

B H3B'l31lbHiH JliTepaTYpi 3Ae6il1bWOro npHBOAJlTbCll npHK113AH yHiMOA311bHHX 

U,illbOBHX cPYHKU,i.:1. lJ,e npH3BOAHTb AO TOro, ll.\0 no3a yearotO 33JlHW310TbCll 

HeAOiliKH MeTOAiB OnTHMi3aU,ii. 

8 A3HiH CTaTTi HaBeAeHO TPH npHK113AH 3 pi3HHMH OC0611HBOCTllMH U,illbOBHX 

cPYHKU,iH. 
Y n epwi.::t 33A3Yi U,illbOBa cPYHKU,ill M3€ 120 p iBHHX Mi>K co6010 M3KCHMyMiB 

e o6naCTi npHnycTHMHX 3HaYeHb. Y APYri.::t 33A3Yi rp34>iK 4i11bOBOi cPYHKu,ii M3€ 

3CHMnTOTHYHY ropH30HTa/lbHY nllOil.\HHy. 06HABi 33A3Yi BiAHOCllTbCll AO 33AaY 

63r3TOn3p3MeTpHYHOi OnTHMi33U,ii. Y nepwiH 33A3Yi U,i11bOB3 cPYHKU,ill 33/le>KHTb 

BiA 10 3pryMeHTiB. Y APYrii1 33A3Yi u,il1bOB3 cPYHKU,ill 33/le>KHTb TillbKH BiA ABOX 

3pryMeHTiB i, BiAnOBiAHO, MO)I(JIHB3 IT Bi3Y311i33U,ill. 

Alle KOpeKTHe p03B1ll33HHll 060X 33A3Y BHM3r3€ npoBeAeHHll ix TeopeTHY­

HOrO 3H3Jli3y AJlll np3BHJlbHOi iHTepnpeT3U,ii pe3y/lbT3TiB 33CTOCYB3HHll H3611H· 

>KeHHX MeTOAiB onTHMi33U,ii. 

TpeTll 3 po3mllHYTHX 33A3Y u,iK3B3 THM, 1!.\0 IT 3H311iTHYHe po3B'll33HHll MeTo­

A3MH B3pi3u,ii1Horo YHcneHHll npHBOAHTb AO cHcTeMH aNe6p3i'lHHX piBHllHb, llK3 

M3€ 6inbwe OAHOro po3B'll3Ky. CepeA OTPHM3HHX po3B'll3KiB o6Hpa€MO TOYKY 

mo6311bHoro MiHiMyMy. H3611H>t<eHi >K MeTOAH OAH03H3YHO 3H3XOAJlTb TOYKY 

r/1063/lbHOrO MiHiMyMy, OCKillbKH 33A3Y3 € yHiMOA311bHOIO. 

OYeBHAHO, 1!.\0 npH BHB'leHHi 3A06yB3Y3MIA H3yKoeoro CTYneHSI PhD o nTH ­

Mi33U,iHHHX MeTOAiB AOU,illbHHM € BHKOpHCT3HHll 33A3'l, llKi illiOCTPYIOTb Me>Ki 

33CTOCyBaHHll H33B3HHX MeTOAiB. 

Ba)I(JIHBOIO CK113AOBOtO niArOTOBKH 3A06yeaYiB H3yKoeoro CTYneHll PhD 

€ H36ynll HHMH H3BH'lOK iHTepnpeTaU,ii pe3y/lbT3TiB p03B
1
ll33HHll 33A3'l 33 AOnO­

MOrOIO Cy'l3CHHX CHCTeM KOMn'tOTepHOi M3TeM3THKH. H36ynll T3KHX H3BHYOK 

69 
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HeMO>KJlHBe 6e3 BHKOpHCTaHH$1 HaBYa/lbHHX 3aAa'l, $1Ki AeMOHCTpyiOTb He TillbKH 
nepesarH CyYaCHHX MaTeMaTH"'HHX MeTOAiB, a11e H ix HeAOiliKH Ta HaCJliAKH 
nopyweHH$1 YMOB 3aCTOCyBaHH$1 4HX MeTOAiB. 
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