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MATEMATUYHA MOLEJIb ONTUMAJIbHOIO PUHKY BATATbLOX TOBAPIB

MATHEMATICAL MODEL OF THE OPTIMAL MARKET OF MANY GOODS

Posensinymo neninitiHy OuHamiyHy mMamemamuyHy Mooeis 8ilbHO20 PUHKY OA2amsox moeapie.
Y poszenanymiii mooeni inepyiiino2o puHky 3 (hikcoeanoro ainicio nonuniy nepedbayacmocs, uo 0o-
c512 NPo0AadiCié KOJICHO20 MOBApY HA KOJICHOMY iHMepEani OUCKPEMHO20 Yacy GU3HAYAEMbCS MiHi-
MAILHOIO 3 060X GeNUUUH. 00CAZY MOBAPY, W0 NOCMAGIAEMbCA HA PUHOK, ma obcazy nonumy. [lpu
YbOMY 6UOINAIOMBbCA MPU 30HU 00CA2i6 NOCMAYAHHA: 30HA Oehiyumy moeapy, 30Ha 3aMoBAPIOGAH-
Hs PUHKY Ma 30Ha OUHAMIYHOI pi6HOoBa2U PUHKY. J[l1sl KOJICHOT i3 30H NP0OGEOeHO 0emanvHull aHaniz
w000 nosedinku QhyHkyiii nonunty ma nponozuyil. Ockineku 06ca2u npooaxcie 3anexcams 6io yiHu
moeapy ma cniégiOHouleHHsI NONUMY ma Npono3uyil, O KOJCHOI 30HU 3HAXOOAMbCA C8OI YMOG-
HO-ONMUMANbHI YiHU Mosapy, o 3a1excanms 6i0 pi6Hsa NPono3uyii 8 KOXCHIll 30Hi i 3abe3neyyioms
MAKCUMYM NPUOYMIKY BPOOAGYA 34 KOJCHO2O QIKCOBAH020 00CAZY NPONO3UYil moeapy.

Knrwouoei cnosa: mamemamuuna mooens, gynkyia nonumy, Qyuxyis nponosuyii, pisnosaea,
YMOBHO-ONMUMANbHA YiHA, YMOGHO-MAKCUMANbHUL NPUOYMOK.

Paccmompena nenunetinas OuHaMu4eckas MamemMamuieckas Mooeis c60000H020 PbIHKA 015
MHO2UX MO8AP08. B paccmampusaemoii Modenu uHepyuoHHO20 PoIHKA ¢ PUKCUPOBAHHOT TUHUE
cnpoca npeonoiiazaemcs, Ymo 00vemM NPoOdMC KAHCO020 Mo8APA HA NPOMENCYMKE OUCKPEMHO-
20 8peMeHU Onpeodensiemcs MUHUMAIbHOL U3 OBYX GelUYUH: 00bEMOM NOCMABISEMO20 HA pbl-
HOK mosapa u obvemom cnpoca. IIpu smom evl0ensromes mpu 30Hbl 00beM0O6 CHAOHCEeHUA: 30HA
Oechuyuma mogapa, 30Ha 3aMOBAPUBAHUS PLIHKA U 30HA OUHAMUUECKO2O0 PABHOBECUS PBIHKA.
Jns kaxcooii u3 301 nposedeH OemanvHulil AHATU3 NOBEOeHUs (PYHKYULI CNPOCA U NPeOlOHCEHUS.
Tax kak 06veMbl NPOOAIC 3a6UCAM OM YeHbl MOBAPA U COOMHOULEHUSI CNPOCA U NPEeOTIONCeHUSA,
MO 0Jis1 KAJX4COOI 30Hbl HAXOOAMCS C80U YCA08HO-ONMUMATbHbBIE YeHbl MO0BApd, KOmopble 3a6u-
csam om ypogGHs NpedJlodCeHUs 8 KadCOOl 30He U 00ecneyusaiom MakcuMym npubsliu npooasya
npU KAHCOOM (YUKCUPOBAHHOM 0ObeMe NPeONoNCeHUs MOBApPd.

Knrwouegvie cnosa: mamemamuueckaa mooens, QYHKyus cnpoca, QyHKYua npeonodceHus,
pasHoeecue, Yc06HO-ONMUMANLHAA YeHA, YCI06HO-MAKCUMANLHAS NPUOBITb.

A nonlinear dynamic mathematical model of the free market for many goods is considered.
In the considered model of the inertial market of both one and many goods with a fixed demand
line, it is assumed that the sales volume of each product at each step (interval) of discrete time is
determined by the minimum of two quantities: the volume of goods supplied to the market (supply
of goods) and the volume of demand. At the same time, there are 3 zones of supply volumes: a zone
of shortage of goods, a zone of market overstocking and a zone of dynamic market equilibrium. In
the first zone, demand exceeds supply, so that the seller receives less profit. For each of the zones,
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a detailed analysis of the behavior of the supply and demand functions was carried out. Since the
sales volumes depend on the price of the goods and the ratio of supply and demand, each zone
has its own conditionally optimal prices of the goods, which depend on the level of supply in each
zone, and ensure the maximum profit of the seller for each fixed volume of supply of the goods.
1t is shown that the state of the market for many (n> 1) goods is characterized by the indicated
three possible zones for each of the goods, which leads to 3n possible zones of the market state.
Due to the constraints of the type of inequalities inherent in the considered mathematical model
of the market, the target function of the market (the total profit of the seller) is a piecewise
differentiable function of the vectors of prices and offers of goods with discontinuities in the
gradient of this functions on the lines of equality of supply and demand, that is, on the division lines
of zones 1 and 2 (in zone 3), which makes it difficult to solve the problem of vector optimization of
this function. It is not possible to construct an analytical solution to the problem for each of the
3n zones. In this regard, an original approach to a unified representation of an objective piecewise
differentiable function through a system of indicator matrix predicate functions is proposed,
which made it possible to represent the objective function of many variables as conditionally
smooth, everywhere differentiable for hypothetical values of predicate functions, and obtain an
analytical solution to the problem of multidimensional optimization.

Key words: mathematical model, demand function, supply function, equilibrium, conditionally
optimal price, cconditionally maximum profit.

MocTanoBKa mpodaeMn. BukoprcTaHHS MaTeMaTHYHOTO MOJCITIOBAHHS B CKOHOMIIIi
Jlae 3MOTY 3pOOUTH OibII TNMTMOOKMM KilbKiCHWIT €KOHOMIUHMIA aHalli3, po3mupuTh chepy
€KOHOMI4YHOT iH(opmalil, 3poouTH Oiibll ePEeKTUBHUMKM €KOHOMIuHI po3paxyHkH. Mare-
MaTMdHa MOZIENb BiIPI3HAETHCS 3a CBOEIO TPUPOIOIO BiJ OpUTiHATY, ajie JOCIiIKEHHS
BJIACTUBOCTEN OpHUTiHATy 3a JOMOMOIOI MaTeMaTHYHOI MOAENI 3py4Hille, € OiIbII Aerie-
BUM Ta 3aliMae MeHllle yacy. 3acTOCyBaHHA METOAY MAaTeMaTU4HOI'0 MOJEJIOBAHHS B €KO-
HOMili — e 00'eKTUBHUIA eTar i pO3BUTKY, NOB'I3aHNM 3 iCHYBaHHAM CTiHKMX KiJIbKICHUX
3aKOHOMIpHOCTE | MOXKITMBICTIO (hopMaTi3oBaHOTO ONKCY OaraTbox, Xoua i Aajieko He BCiX,
€KOHOMIYHUX TIPOLIECIB.

AHauni3 ocTaHHIiX AocaiTKeHs i mybmikauiii. [To0ynoBu Mozxeni puHKY, MOIETIOBaHHS
Ta MPOTHO3yBaHHA HOTO PO3BUTKY € OIHIEI0 3 HAWBAXIMBIINX NPOOIeM eKOHOMiKH. Binb-
IIiCTh MOJIeNeli puHKY OyIyBanacs 3a MPUHIMIIOM yCTAHOBIEHHS! KOHKYpPEHTHOT piBHOBArH,
npo icHyBaHHS sAKOi Oyno 3asBiieHo B poOoTi Banbpaca [1]. MaremaTiuHe 00TpyHTYBaHHS
rimore3u Banbpaca Oyino BukoHaHo B 1950-x pokax y po6orax Eppoy-Jledpe [2], MakkeHn3i,
I'eiina, Hukaitmo. V momansmioMy Bemucs poOOTH 3 YIOCKOHAJICHHS Mofelieit Ta X y3araib-
HeHHsA y MoHoTrpadisx MopinriMu, Hukaiino, JlankacTepa Ta iHIINX Cy9acHUX aBToOpiB [3; 4].
Li Mozmeni pMHKY BCTaHOBIIOBaNM OajaHC MK MPOMO3MLIEI Ta MOMUTOM, ajle He MOIIH
OyTH MO0 pHHKY, 0 OCKUTBKM B HHUX, To-Tiepine, Oyna BiACYTHS KOHKYpPEHIis SIK MiX
BI/IpO6HI/IKaMI/I TaK i MK CIOXKMBauyaMH, a MO-ApyTe, He BiIOOpaKeHO LIIJ'IeCl'IpSIMOBaHlCTL
Niif y4acHUKIB pUHKY (BUPOOHMKIB Ta CIOXMBAUiB), IKa i € OCHOBOI KOHKypeHii [5—7].
HepiBHOBara xapaktepusye puHOK, 110 He mepeOyBae y piBHOBa3i [8]. [lopymeHns piBHO-
Barv MoXxe BinOyBaTHcs AyKe KOPOTKOYaCHO ad0 MPOTATOM TPUBAJIOTO MEPiomy dacy.

®dopmyaroBaHHS Wineii cTaTTi. Monenb puHKY BigoOpaxkae 6anaHc MiX MPONO3ULIIE0
Ta MOMUTOM 3 YpaxyBaHHAM KOXXHOTO y4acHWKa puHKyY. [100ynoBaHO MaTeMaTHIHy MOJEIb,
AKa Topsax i3 O6amaHcoM BimoOpakae LiNECHPSIMOBAHICTb KO)KHOTO yYacHUKa PUHKY. Ll
MOJIellb € BEKTOPHOI (6aratokpurepialbHOK) 3a4a4el0 MaTeMaTMYHOro MporpamyBaHHs
[3]. Anst BupimeHHs LBOTO 3aBAAHHS PO3POOIEHO METONM DIllleHHs BEKTOPHOI 3amaui,
3aCHOBaHI Ha HOpMaJli3alii KpUTepiiB Ta nanunm TapaHTOBAHOIO Pe3yJIbTaTy [9; 10]. Ha
KOHKYPEHTHOMY PHMHKY, Ha SIKOMY € BeJMKa KiJIbKiCTb MOKYMLIB i l'IpOIlaBI_IIB 3a J10MOMO-
TOI0 METOIy Nepebopy BU3HAYAEMO PiBHOBAXKHY IIiHY, BUKJIIOUAOYH LiHH, 32 SKUX (HOpMy-
€ThCA HaJJMLIOK a00 HecTaya MpoAyKTy. Tak, 3a BUCOKOI L[iHM BUPOOHUKH OakaroTh BUPO-
OJISITH BENMKY KUIBKICTh MPOMYKTY, ajie MOKYMLi rOTOBI MPpUAOATH TIBKKA Maly KiTbKiCTh
MPOAYKTY, BUHUKAE MEepeBUPOOHNLTRBO. 3a Majol L[iHW MOKYIi TOTOBI MpUadaTy BENUKY
KiJIbKiCTh TIPOZIYKTY, ajie BUPOOHHWKM TOTOBI BUPOOJNSATH Mally KiJIbKiCThb TOBapy, BUHUKA€E
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nediunT ToBapy i mocayru. 3a SKoick cepenHbOl iHK, PIBHOB)KHOT 1iHU BUPOOHHUKHU rOTOBI
BUPOOIIATH PIBHO CTUTBKH, CKUJIbKM CIIOXKHMBadi OaxaroTh i B 3M03i mpunbaru. Ha puHKy
He BUHWKAE HA/UTMLIOK, 32 SIKOTO PMHOK INTOBXaB OW I[iHy Ha MPOIYKT BHW3, HE BUHUKAE
i Opaky TIPOAYKTY, 3a SIKOTO PUHOK HE BUKIIMKA€E TiJBUINEHHS IiHW Ha MPOAYKT. 3a Takol
PIBHOB2XXHOT LIiHM BEIMYHMHY MOTIUTY Ta MPOMO3HUILIT BPiBHOBaKYIOThCs. Po3misiHemo nmose-
NiHKY MaTeMaTH4IHoT Mozeni [9] ans puHKY 6araTthbox TOBapiB.

Bukiaa ocHoBHOro mMatepiany. 3aeansHuii 6unadox: puHok bazamvox mosapis (n> 1).
Vei 3MiHHI cTaHy puHKY 6araTbox TOBapiB € N-BeKTop-cToBOLAMU. [9]. ¥V Bumanky oaHoro
toBapy [10] mpuOytok mpomaBis J(t) € Oe3mepepBHOIO KyCOYHO-TH(EPEeHIiIOBAaHOO
(xycouHo-mmaakor0) ¢yHKIiero P(t) i Q(t) 3 po3puBom wacTuHHUX moximgaux P(t) i Q(t) Ha
MeXi po3aiiy 30H | i 2 cTaHy puHKY. Y crily 0OMeKeHb TUITy HepiBHOCTEH LiTboBa QyHKLIs
(cymapHwmii mprOyTOK MPOAABII B MOMEHT 4acy t) y pa3i 6araTbox TOBapiB TaKOXK, O4€BUIHO,
Mae cTpuOKH TpamieHTiB mo P(t) i Q(t) Ha Mexkax po3aiiy 30H Ae(illuTy Ta 3aTOBapIOBAHHS
PHMHKY 32 KO)KHMM i3 TOBapiB, TOOTO € KycouHO-Iaakoto. [IpoBecTy nocnimkeHHs 3" 30H
cTaHy Oaratbox (n) TOBapiB Tak, sK Uil puHKa ogHoro Toapy [10], HemoxnuBo. OnqHak
IIJTSIXOM TIEBHOTO TIepeTBOPEHHS (YHi(iKOBaHOTO iHAMKATOPHOTO MOAAHHS) KyCOYHO-n(e-
peHmiiioBaHoT 3a OaraTbMa 3MiHHAMY LiJTb0BOT (PYHKIIIT Iie 3p0OUTH BIAETHCS.

Vuigixosane inouxamopne nooanns yinboeoi ¢yuxyii punky. I'inoteTnaanii mpubdyTOK
TPOJIABLLA. st yHidikanii monaHHs 1iab0Boi QyHKLITy pa31 6ararbox (7 > 1) roBapiB 3anpo-
BaINMO iHAWKATOPHI iaroHalbHi OyJeBU 7 X 7 —MaTpULLi-IpeANKaTH ct ( ) ,me k=123 —
HOMepH 30H. J[iaroHasIbHi eeMeHTH LMX MaTpullb YKa3yloTh Ha TiMOTETUYHUIT CTaH PUHKY
0 KO)KHOMY TOBapy (Cff') (¢)=1 — npucyTHicTb y t-if MOMEHT Yacy i-ro ToBapy B k-ii 30Hi,
C,.(,.k) (t) =0 —BigcyTHicTh). KoxkeH ToBap He Moke OyTH OIHOYACHO OLNBIIE HijK B OHIH 30Hi
CTaHy puHKY. ToMy B KOXXHOMY psaky 7x3 — marpuui C(t), ckiageHol 3 n-BeKTOPiB-CTOBI-
wiB giaronanshux enementis Marpuins C(1),C% (1), (1), rak mo C, (1)=CY(1), i=1n,
k=13 moxe Oyt omHa i Juime ofqHa onuHWIS (iHIII Ba €JIEMEHTH PAIKA NOPIBHIOIOTH
Hymo). KoxkHill Takiii MaTpuili BiAnoBigae cBoe po3TaulyBaHHS (PO3MIlIEHHS 3 MOBTOPEH-
HSIMH) TPHOX €JIEMEHTIB (30H CTaHIiB TOBapy) IO N TOBapaM. YChOTO TAKHMX Pi3HUX po3CTa-
HOBOK 3". Ile i € KiNbKiCTh MOXKIIMBMX PO3CTAHOBOK 30H CTaHIB IO BCiX TOBapax y KOKHHN
MOMEHT J¥cKpeTHoro uyacy. LlinboBa ¢yHkuis J(t) HaOyBae Toni BUIIsALy miankoi (Henepeps-
HOi i nudepenuiiioBanoi mo P(t) i Q(t)) kBagparuuHoi mo P(t) i miniiltHOT mo Q(t) dopmu 3
rinoTeTHYHIMH MaTpULME-TpeaukaTamu C) (¢):

J(1)=0" (1) (1) P(1)+(0, - 4P(1)) (CP (1) + € (1)) P(1) - O (1) R+ Q" (1) (R - P) -

5 (PO)=P=1) R(P()=P(-1)= max m

Ymoeno-onmumansni yinu ma onmumansHa nponosuyis mosapis. JIoCILIKY€eMO TOBe-
NiHKY rinmoteTndHoro (3a ¢ikcoBanoi marpuui C(t)) mpuOyTky npoaasus (1) . O6uucnrmo
rpanient V,J(¢) Tarecian V3J(¢) uiei gynkuii 3a Ppikcoanoro Q(t) 3 ypaxyBaHHAM cUMe-
Tpii miaronansrux Marpums C*(7) :

aJ(t)

)= 55 =€ 0004 (P 1)+ O )P (0)+
+(c®(1)+ ¥ (0))(Q, - 4P (1))~ R(P(1) - P(1-1),
V()= St = (€0 0) ) v ) 4w

Sxio B 30Hax 1 Ta 2 recian V3J(¢) uinboBoi dyHkuii J(t) — HeBin’eMHO BU3HAUEHA
Marpuis (a HeOOXiTHOM i JOCTaTHBOIO YMOBOIO IIbOTO €, SK BiZOMO, HEBil €MHICTbh
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yCiX TOJIOBHMX MiHOpiB Matpuii V3J(7), 1o BU3Hauae OOMEKEHHS Ha eNEeMEHTH MaTpHLi

A), To y umx 30Hax J(t) yBirayTa P(t) i mocarae makcumymy P(t) 3a dikcoBanoro Q(t).

HeoO6XiIHOK yMOBOK MakCUMyMy € piBHiCTh Hy/to rpamienta: &J(1)/6P(t)=0. Ocrtanus

piBHICTb — piBHAHHSA A P(t) y 30oHax 1 i 2. V 30Hi 3 MaemMo 6ajnaHC MOMUTY Ta MPOMO-

3uuii ToBapis: Q°(¢)=0(), o610 3 ypaxysannam (1) [9] piusnna O, —AP(1)=0(r)

ans P(t). IloeaHyrouu JIOriYHO PpIBHAHHA U1 BCIX 30H, OTPUMYEMO CUCTEMY:

(CU1(0) (1) 9,7 (1)+ € 1)(Q, = 4P(1)~0(1)) =0  Bupimysowns wo cuereny oz P()
3HAXOAMMO:

P(t)=a(r)+B(1)O(1),
a(t)=(C (1)+C (t)){( (1) +CO(e ))(A+A )+ R} )
[(c()+ ()0, + RP(1-1) ]+ (1) 470, 3)
-1

B()=(C® () + (s )){(c2 (t)+C® (t))(A+AT)+R} cV()-cO) A (@)

HeBaskko MoGaunTH, 10 Y BUMAAKy oHoro ToBapy [10], komun =1, C*(r) - ckansipn, 3a

c"(r)=1 (C(Z) (1)=c®(1)= 0) otpumyemo dopmyiy (3) [10] ams P(t) 1-i 301, 3a C (1) =1

(1) =" (1)=0) — popmyxy (6) [10] s 2-i 30mm, 32 (1) =1 (€(r)=C?(1)=0) —

opmyay (8) [10] anst 3-i 30Hu. J{nsg puHKy Oararbox TOBapiB, MiACTABIsAIOUYM BUpa3 (2) 1is

P(Q)y Bupas (1) uns J, oTpuMy€eMO yMOBHO-KBapaTH4HY 3anexHicTs J(Q). Makcumisyroun
J 3a Q, 3HAXOMMO ONITUMALHY MPOTO3MIIIIO TOBapiB (Mo3HadnMo ii gepes O(1)):

O(e) =V (1)ur). Q)
u(1)=C(1)a(r)=B" (1) 4" (CP (1) + € (1) (1) + B (1) € (1) + € (1))(Q, - A1) -
B (1)R(a(r) - P(1-1)) - B, 6)
V() ==C(0)B(1)=B" (1)C" () +B7 (1) 47 (CP (1) + €V (1))B(1) +
BT (1) (€ (1) + € (1)) 4B (1) + B (1) RB (). (7)

OnmumansHe 3aMo6l1eHHs MOBApi6 ma aneopumm euoinenns piuerns. [ponosuiis Topapis
B 00cs3i O(1), omHak, He 3aBKIM JTOCSHKHA, OCKUTBKH TIPOTO3HLIisS TOBApiB HA PUHKY CKiaja-
€Tbed i3 3anumkis O° (1) ToBapiB, He IPOJAHUX HA TIOMEPEAHLOMY iHTEPBaJli Yacy, Ta 00CAriB
Q:(t) TOBApIB, 10 HAJILLIM JAOJATKOBO A0 PMHKY BiJ 3aMOBJIEHH:, 3pOOJNIEHOr0 T KpOKamu
paniie (y MOMeHT ¢ —T). OueBunHo, AKIo obear O ( ) 3aNMLIKIB JESKOTO j-TO TOBApY MEpe-
BHIITy€ BinNOBiMHYy KoMMoHeHTy Bektopa O, (1), To HaBiTh Ge3 momarkoBux noctaok ( Q; (¢)=0
) 11bOro TOBapy Ha puHOK 00csr O, (7) 1Oro MOCTABKM B MOMEHT t IIEpPEBHLILYBATHME BEJTUUNHY
0O, (1), 1 puHOK cTaHe 3aTOBAPEHNM I10 LIOMY TOBapy. YMOBa JOCATHEHHS] MAKCUMYMY MPHOYTKY
He Moxe OyTH mpu 1OMY BHKOHAHA. 3 iHworo 6oky, AKWO obcar O (f) 3aIMIIKIB AESKOro
j-To ToBapy MeHILE BiJNOBiAHOT KOMIOHEHTH 1 BeKTOpa 0,(t), To 3a IONOMOrOIO JI0IaTKOBOIO
TocTauaHHs 1horo ToBapy B obemsi O (1)=0,(1)- 0 (t) MOXHa JIKBidyBaTH Ae(iLUT LBOTO
ToBapy, 3a6e3MeYnTH ONTHMANbHE NOCTAYAHHS TOBApY HAa PMHOK TAa MAKCUMyM MpHOYTKY TIpO-
naBu. OTxe, ONTUMaIbHA CTpATeris 3aMOBJIEHb TOBAPIB IS IX MOCTavyaHHsA HA PUHOK NOBUHHA
TIOJIATaTH B TOMY, 11100, PO3PaxyBaBLIY B MOMEHT Yacy {—T NPOTHO30BaHHiI HA MOMEHT 4acy t
CTaH ONTMMAIIBHOTO PUHKY, OTPUMATH ONTHMalIbHE 3HaueHHs O(7) BekTopa GakaHOT MOCTaBKU
TOBapiB Ha PMHOK Ta 3aMOBHMTHU B MOMEHT 4acy ! —T NOIATKOBY KiNbKiCTh KOJKHOTIO j-ro TOBapY,
wo nopisrioe pisknui O, (1) - 07 (¢), sxkwo nporuosyerses OF (1)< Q,(¢), i He 3amoBnsTH
JIOIaTKOBO j-if TOBap, SIKIIO MPOTHO3YETHCS 3BOPOTHE:

( ) j=Ln.

_ {Q(r)—g (1) o (1)

0.am0Q (1) 2 0, (1), @)
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KopoTko wie MoskHa 3amucarny Bursai: O (1) =max (0(t) - 0°(1),0), ne (0(1)-0°(1),0)
pO3yMi€TbCsl SIK BEKTOpP, CKIAJEHUH 13 MakCUMalbHUX 3HAUY€Hb KOMIIOHEHTIB BEKTOpa
O(t)-0°(¢) Ta Hynb-BekTOpa. OCKIIbKHM Ha KOKHOMY KpOIli JMCKPETHOTO 4acy t Mowke
MaTH MicIle JIUIIe OIHE PO3TallyBaHHS TOBApIiB 1O 30HAX i BOHA HEBiIOMA, JOBOAWUTHCS
mykaru 3" po3B'A3KiB 3a4avi onTUMi3alii, 1O BiAMOBinalOTh 3" TiMOTETHMYHUM 3HA4Y€H-
HSIM MaTpuyHoro mpeaukary C. [l KOKHOro pillieHHA 3HaXOAMThCA (aKTHYHE 3HAYEHHS
S 11bOro MaTPUYHOIO MpPEeAUKaTy, L0 PO3PAaXOBY€EThCA 32 OTPUMAHUMM 3HAYEHHAMMU BEKTO-
piB LiH TOBapiB, OOCATIB 3alUILKIB, ONTUMAIbHUX NOIYCTUMHUX AOJAATKOBUX 3aMOBJIEHb,
nonuTty Ta npomno3ulii. Kpurepiem Binb6opy mpaBmiIbHOTO pimeHHs € 30ir GakTudHOTO Ta
FiMOTETUYHOTO MPEAUKaTiB. AJITOPUTM TAKOTo nepedopy Ta MOpIBHSAHHSA MOOyIOBaHMI Ta
peasizoBaHuii y 1iit poOoTi.

AcumnmomuyHo onmuManbHUll piGHO8AXCHUL CMAH PUHKY (mouka cnokoro). B ymoBax
AMHaMiYHOT piBHOBaru puHky nomut Q°(1)=0, — AP(¢) Ha BCi TOBapu JOPIBHIOE PIBHIO
O(1) ix mocTayaHHs puHKY, TOOTO BCi ToBapu nepebyBaroTh y 30Hax 3. Tomi, HABITH AKILO
Ha PUHKY MOXKYTb 3AJIMIIATHCS HEMPOJaHi ToBapy B o6csrax Q° (1), WO He NMepeBHLLyIOTh
ontumanbHi 3Hauennst O(f), nomarkoi 3amoBneHHs B obcsrax O (1)=Q(r)-Q°(¢) mos-
HicTIO 3a0e3meyarh MONMUT Ta MAakCUMyM NpuOyTKy mpopasus. JlilicHO, SKIIO BCi ToBapu
3HAXOIAThCS Yy 30Hi 3, TO MPONO3HULIs JOPIBHIOE MOMUTY, 0OCATY MPOAaXy Ta CyMi 00CATIB
3aMOBJICHHS Ta 3aJIMLIKIB TOBApiB, yHACIiJOK YOr0 MaeMO:

J(0)=(Q. = 4P(1)) (P(1)=B)+ @7 (1)(R = P) =5 (P(1)= P(t=1)) R(P()-P(:-1)).
3HaiimeMo rpaieHT Ta reciad 1iei ¢pyHkii mo P(t):

ar(n d’J(t)

(0) A"(P(t)-R)+(0Q, - A4P(t))-R(P(t)-P(t-1)). ()

Makcumywm J(t) o P(t) nocsiraeTbesi 3a piBHOCTI HYJIO TpajieHTa Ta Bix €MHOT BU3Haue-

HOCTI Marpuui-reciaHa, 3BiIKA 3a JONAaTHOI BU3HAYEHOCTI MaTpHL (A + A"+ R). OTpHUMY-
€MO ONTHUMaJIbHE 3HAUSHHS BEKTOPA IiH:

P(1)=(A+4"+R) (0, + A"R+RP(1-1)).

=—(4+4"+R).

Jns momatHOi BU3HAYCHOCTI MaTpUIli ( A+ A" + R). HeoOXigHO Ta JOCTAaTHLO JTOJATKO-
BOCTI BCiX HiaroHajJbHMX MiHOpiB wi€i marpuui. [{lum ymoBam Mae miAmopsiAKOBYBaTHCS
Marpuis A. OTpUMaHUii pe3ysbTaT MoXKHa C(OPMYITIOBATH Y TaKOMY BUTIISIAL: Y pasi chpa-
seonusocmi cnisgionouens (1)—(7) 6 [9] i dooammoi eusnavenocmi mampuyi (A+ A" +R).
MAKCUMATbHUT NPUOYMOK Npo0asys Ha PUHKY Oazamvox mogapie Ha KOXCHOMY iHmepaani
OUCKPEMHO20 4acy t 00CA2AEMbCsl 3 YMOBU PIGHOCHI | uuLe pieHOCMI nonumy ma npono-
suyit Q7(1)=0Q, — AP(1)=0(t) y mouyi

P(1)=(A+ 4" +R) (0, +A'R+RP(1-1)).

>

0(t)=0, - A(4+ 4" +R) (0, + 'R+ RP(1-1)),

Ooe B — eexmop 3aKynieenoHux yin moeapis, P(t=1) — eexmop yin moeapie y none-
pednbomy nepiooi, O(t) — sexmop onmumanvhux 06cs2ie NOCMAGKU MOBAPIE HA PUHOK Y
momenm uacy t, P(t) —eexmop onmumansrux yin mosapie y yeii momenm uacy. Hacninkom
LBOT0 € PEKYPEHTHE CIiBBiJHOINEHHS, IO BU3HAYAE NHHAMIKY BEKTOPa ONTHMANbHUX LiH
TOBapiB y pa3i, KOJIM MOMEepeIHE 3HAYEHHsI BEKTOPA LiH TEX ONTUMAalIbHE (P(t -1)=P(t- 1)) :

P(t+1)=(4+4"+ R)_l (Rﬁ(t) +(0,+ ATE)),ﬁ(O) =P )
Le piBHAHHS CMIpaBeLIMBE 33 YMOBH, WO OOCATH 3QIMIIKIB HEMPOAAHOTO TOBapy He

HEPEBUILYIOTh BEJIMYMHH ONTHMAILHOIO MIOCTa4aHHs ToBapiB puHOK. IloclinoBHICTh BEK-
TOPiB ONTUMATBHUX IiH {P (t)} Tpy t — o0 TIPSIMy€ 10 CKiHYeHHOI TPaHui
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P =(4+4") (0, +4'R), (10)

10 € aCUMITOTUYHO PiBHOBAKHMM 3HAYEHHAM BEKTOPA L1iH (CTaHOM CTIOKOO PHHKY). L5 Benu-
yMHa Bipasy 3HaxoauThes 3(9), ockinbku3at—oota P(1+1)— P* ta P(1)— P*, Tak o B cTani
ACHMITOTHYHOI piBHOBard piBHAHHA (9) HabyBae BULIALY (A +A4"+R).P"=RP" +(Q, + 4P,)
, 3BiIKw i crmimye 3Hauennst P*, mpencraeiene B (10). BimmosinHe oMy acHMITTOTHYHO piBHO-
BayKHE 3HAYEHHS PiBHS MMOCTaYaHHs TOBAPiB HA PUHOK TOUHO 30ira€Thes 3 BEJIMUMHOIO KyTTiBEb-
HOTO TIOMKUTY HA TOBAPH 32 ONTUMAILHUMHU LiiHamu P~ :

0 =0,-AP =A"(4+4") Q,~A(A+A") AP an
SIk11o Oyb-sika KOMIIOHEHTa BekTopa Q" cTae Bil €MHOIO, BOHA JOPIBHIOE HYJIHO:

| Qu=(4P) saxmoQ, - (4P) >0,
o= . i=lLn (12)
0, axkmoQ, ; — (AP )i <0,

Lle o3Hauae, 110 AesAKi TOBapU HA PIBHOBAXKHOMY PUHKY MOXYTh HE KOPUCTYBATUCS NOMNHU-
TOM Ta He MOCTa4YaloThcs HA PUHOK. PilleHHS BEKTOPHOTO Pi3HUIIEBOTO PiBHIHHSA (9) ABISE
COGOI0 BEKTOPHY eKCTIOHEHTY, 1o 3atyxae: P(t)=a'(B—P")+P" = exp(—[}t)(P0 —P*) +P,

-1 -1 " .
ne o= (A +A" +R) R, P :‘ln(AJrAT +R) R‘ 3a P, # P" BeKTOp ONTHMAaJbHUX LiH MOCTY-
TOBO HAOJMKAETHCS 10 ACHMITOTHIHO plBHOBa)KHOFO 3HaveHHs. 3a Py =P of1pasy MaemMo
aCUMITOTUYHO plBHOBa)KHI/II/I BekTOp LiH: P(7)=P". YV Mipy Hab/nuKeHHs BEKTOpa LLiH TOBa-
piB 10 aCHMIITOTHYHO PiBHOBAYKHOTO 3Ha4eHHsA P’ mpuOyTOK MponaBis HAOIHKAETHCS 10
CBOTO aCUMNTOTUYHO PiIBHOBAYKHOIO 3HAYEHHA. SIKILO 32 aCUMNTOTUYHOI piBHOBAaru pUHKY
0’ < (0", To aCMMITOTHYHO PiBHOBAKHHUI NPUOYTOK A0piBHIOE J = Q (P - P,) +0°(PR-P).

Ivimayitine modentoganns nepexionux npoyecie napunky. [l[poBeieMo imitamiiine Mose-
JroBaHHA (PyHKLiIOHYBaHHS pUHKY OaraTbox TOBapiB y 4aci Ta JOCIiAMMO TpaeKkTopil nepe-
XOIly PMHKY [0 ONTHMAJbHOTO CTaHy aCUMIITOTUYHOI PiBHOBArY Micis BUBEIECHHS 00 3i
cTaHy piBHOBaru. Hexaii 10 1eskoro nouaTkoBoro MOMeHTY 4acy ¢ =0 MpoTAroM iHTepBay

yacy ¢t =—1,—1, 1e T —jar (3aTpUMKa) oCTauaHHs TOBAPiB HA PUHOK, PUHOK 0araTboX TOBa-
piB nepebyBaB y cTaHi piBHOBary, 3a akoro, 3rigHo 3 (10), P(1)=P" (A + AT) I(Q,n + ATPl) ,
Q(t)=Q* =0,- 4P . Ha OMY iHTEpBaJli Yacy MaeMoO piBHOBa)KHi PiBHI OOWH OTHOMY
o6caru nonuty Q°(1)=0" =0, — AP", nponosunii O(1)=0" =0", nponaxis Q' (1)=0"",
3amoBens O°(1)=0" (zanuuku Henpomanux ToBapiB BincyTwi: 0°(1)=0" =0, 3a ix
30epiraHHsa He MOTPIOHO MIATUTH, 11O 3MEHILYE BUTpaTH mponasus). Hexaii y MoMeHT
yacy t = 0 3a 1OMOMOIOIO [I€IKOr0 30BHIIIHBOIO BIUIUBY PUHOK BUBOAMTHLCS 31 CTaHy piB-
HOBaru CTpUOKOMONIGHOI0 3MiHOIO 1iH TOBapiB, 110 NpUiiMaloTh 3HaYeHHs P(0)=F # P,
i, MOXJIMBO, INTYYHUM CTBOPEHHAM Ha PUHKY HaJIMIIKIB ToBapiB obcarom Q°(0)=0; . 1le
MPU3BOIUTH /IO 3MiHU MOMKTY HAa TOBapH o (0) =0, — AP, 0" . A ockinbku nocrauaHHs
TOBapiB B 00cArax PiBHOBaXHOTO 3aMoBneHHs O°(1)=0" NponOBKYIOTH HAIXOAUTH HA
PUHOK IIle TIPOTATOM T iHTEpBaNiB IMCKPETHOTO Yacy (Yepes jar MOCTaBOK), HaJ PUHKOM
BMHUKA€ 3aTOBAPIOBAHHSA TUMM TOBapaMu, IiHW Ha SIKi 3pociy, i AediuuT THX TOBapiB,
LiHM Ha fKi Bnaju. BianoBigHO 10 1bOro 3MiHIOIOTHCS OOCSTH MPOJAXKIB Ta CyMapHHM
npubyTOK MpoaBLs. Tporsirom KPOKiB JINCKPETHOTO 4acy PUHOK 6yz[e HEeKepOBaHUM
(3MIHUTH NOCTa4YaHHA TOBAPIB i3 METOIO KOPEKLii CUTyaLii Ta ONTUMI3aLil pUHKY HEMOX-
JIMBO yepes Jlar nocrayanHs). OJHaK NOYMHAIOUM 3 MOMEHTY t = 0 MOJKHA LUJISIXOM MOjie-
JIFOBAHHS JIMHAMIKM PUHKY BiJMOBiJJHO O aJrOPUTMY MOJIEFOBAHHSA NPOrHO3YBAaTH CTaH
PUHKY Ha T KPOKiB yHepea i 00uMCIIIoBaTH ONTUMAaJbHE 3Ha4eHHs BekTopa O(T) mocra-
YaHHs TOBApiB HA PUHOK HA MOMEHT T. SIKILO 10 LbOro MOMeHTY Yacy 3anuuwku Q°(t)
JESKMX HEMPOIAaHNX TOBAPiB OyLyTh MEHIIMMH 32 BiNOBINHI KOMIOHEHTH BekTopa Q(1),
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y MOMEHT 4acy t=0 noTpiOHo Oyne 3poOUTH 3aMOBIEHHS LMX TOBapiB B o0cArax Biamo-
BiTHUX KOMTIOHEHT pishuui O°(1)=0(t)—0°(1), m06 Ha MOMEHT T Ha PUHOK Hafiiiia
ONTUMalIbHA KiJTBKICTh X TOBAPiB, IO BiANOBiAae AMHAMIUHIN PiBHOBA3i pUHKY 3a UMH
TOBapamu. 3a LMMHU TOBapaMy Ha MOMEHT 4Yacy T PUHOK BUSBUTHCS, TAKUM YUHOM, Y
30Hi 3. SKIO X 174 DeAKWX TOBapiB 3aJMIIKH B MOMEHT 4acy T IEpEeBULIyBaTUMYTh
3HAYEHHs BiNOBIIHUX KOMIOHEHTIB BekTopa O(T), 101aTKOBOTO 3aMOBJIEHHS X TOBa-
piB poOUTH He MOTPIOHO, OCKINBKU TX NOCTATHBO AJIA 33J0BOJICHHA MOMUTY, ajle 3aToBa-
PIOBaHHS PUHKY 3a [IMMHW TOBapaM¥i Ha MOMEHT Yacy T 3aJMIINTHCS He JIKBiIOBaHUM,
110 BIUIMHE HA LiHW TOBAPiB y MOMEHT Yacy T.3a MW TOBAPaMU PUHOK 3aJINIINTHCS Y
30Hi 2. [IponoBxyrouu mporec MoAeTIOBaHHS Ta Nepei0aueHHs CTaHy PUHKY Ha HaCTYIHI
MOMEHTH 4acy, MU NpUAIEeMO 10 CUTyalii, KOJH BCi 3aJUIIKKA TOBapiB OyILyTh MpoIaHi Ta
PHUHOK Tepelifie y cTaH IMHaMiuHOi piBHOBaru (B 30Hy 3) mo Bcix ToBapax. [Tomanbiumii
PO3BUTOK CTaHy PUHKY Oyae IMHAMi4HO piBHOBaKHUM 3 MOCTYHOBUM PYXOM 10 aCUMIITO-
TAYHO PiIBHOBAXXHOTO CTaHY (CTaHY CIOKOIO).

BucnoBku. [TokazaHo, mo cTaH puHKY 0aratbox (n > 1) TOBapiB XapaKTepHU3yEThCS
3a3Ha4eHNMH TPbOMA MOMJIMBMMM 30HAMH MO KOXKHOMY 3 TOBapiB, 10 MPU3BOAUTH 10
3" MOXJIMBHMX 30H CTaHy puHKY. LlinboBa (yHKuis puHKy (CymMapHUil mpubdyTOK Hpo-
JaBlLsl) € KycouHO-nu(epeHLiiioBaHO (GyHKIi€I0 BEKTOPIB IiH Ta MPOTMO3HIiii TOBapiB
i3 po3puBaMu rpanieHTa Hiel (QyHKIIT Ha JiHisIX PIBHOCTI MOMUTY Ta MPONo3uii, TOOTO
Ha JiHiAX po3ainiB 30H 1 Ta 2 (y 30Hi 3), IO YCKIATHIOE BUPIIIEHHS 3a1aqi BEKTOPHOT
onrrumizauii miei ¢pyHkuii. [loOynoBa aHamiTHYHOTO pilIeHHs 3aa4i 111 KOKHOT 3 3n 30H
HEMOXJINBA. Y 3B'SI3Ky i3 LIUM 3alpoNOHOBAHO OPUTiHAJILHUM MiaXix 1o yHidikoBaHOTO
NpeAcTaBIeHHS LiNbOBOT KycouHo-an(epeHiiioBaHoi (yHKLii depe3 cucteMy iHIM-
KaTOPHUX MaTpUYHUX MpeIUKaTHUX QyHKIiH, 10 120 3MOTY YSIBUTH LiTbOBY QyHKIiIO
0araTboX 3MIHHUX SIK YMOBHO-IJIa[IKy, L0 BCIOAM AU(EPEHLIIOEThCS 3a MiNOTeTUYHUX
3HaYeHb MpPeANKaTHUX (YHKIIiH, Ta OTpUMAaTH aHANITHYHE pilleHHS 3anadi 6araToBu-
MipHOT onTUMi3aLii.
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