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Abstract. In the article the mathematical model of the vehicle motion with elastic tires, which
describes the phases of the initial rectilinear motion on the longitudinal slope of the road is
shown. The mathematical model is valid for vehicle with two axles, one of which is driving
axel and provided that the stopped vehicle on a slope is kept from rolling only by braking the
non-driving axle. The aim of the study is to determine the equations to describe the process of
vehicle initial rectilinear motion during moving uphill, which take into account the tires
deformation energy on the stationary vehicle braking wheels. The presented equations
described in the article are reflect the dynamic state of the stationary vehicle on a slope and the
phase of its initial moving off uphill after brining the engine torque through the transmission to
the wheels of the drive axle. The system of equations describing the vehicle dynamic behavior
after brining torque to the drive wheels takes into account their false slip. The system of
equations is obtained from the general dynamic equation in the form of balance of the
elementary work of external forces and moments with the absence of external slipping of the
driving wheels. The mathematical model of the vehicle initial rectilinear motion on
a longitudinal slope of a highway described in the article can be used in theoretical basis for
analyzing and synthesizing control algorithms for automatic driver assistance systems during
vehicle initial motion.

1. Introduction

Driving vehicle uphill with frequent stops and subsequent resumption of movement, especially in
dense traffic conditions, requires a high driver qualification. The quality of process control has
a significant impact on the traffic flow dynamics, and traffic safety. To reduce the driver’s workload
and increase traffic safety, automatic systems are included in the design of vehicles to assist in driving.
The most promising for improvement are electronically controlled systems endowed with the
properties of adaptation to external and internal disturbing factors. In this case, increases comfort and
control accuracy of the vehicle under the action of internal and external disturbing factors. The design
and creation of any complex technical device and, in particular, automatic systems of driver assistance
in driving a vehicle implies their theoretical studies. At the same time, the volume and quality of
theoretical research results directly depend on the correspondence of the mathematical models of the
control system and the control object to the goals and objectives of the research.
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2. Analysis of publications

The versatile researches of the vehicles moving off process in the mode of friction clutch turn on and
slipping, were made by authors [1]. The calculation and analysis processes of the moving off,
acceleration and movement of a tractor with a trailer was made in [2]. A number of studies [3—10] are
devoted to the modeling and research of clutch operations and their automatic control systems when
the vehicle moves off. Much attention is paid to the study of the vehicle dynamics during acceleration
and deceleration, as well as its dependence on control parameters [11-14]. Modeling of the vehicle
initial movement dynamics, the working processes of the control systems and their algorithms are the
subject of research [15-23]. All mentioned studies are based on the mathematical description of the
dynamic state of the vehicle. It should be noted that vehicle initial movement uphill differs in that at
the beginning of the movement the braking wheels are in stress-strain state. Obviously, this
circumstance has scientific and practical interest for the creation of automatic control systems to help
the driver during the vehicle initial movement mode.

3. The purpose and objectives of the study
The aim of the study is to develop the mathematical model of the vehicle initial rectilinear uphill
motion taking into account the tires deformation energy of the braking wheels.

The mathematical model of the vehicle initial rectilinear uphill motion should reflect the phases of
its movement with braked driven wheels:

e phase of movement with non-rotating wheels in the zone of their elastic deformation;
e phase of movement with rotating wheels.

Taking into account the tires deformation energy of the braked wheels with various dynamic
conditions of the vehicle initial uphill motion, it is possible to clarify the requirements for the
algorithm of automatic vehicle control assistance systems and, as a consequence, to improve the
quality of control process.

4. Description of the mathematical model of the vehicle rectilinear motion

To obtain the mathematical model of the of the vehicle rectilinear uphill motion, let us analyze the
loads acting to the stationary vehicle on a slope. The scheme of external influences on a stationary
vehicle is shown in figure 1.

Figure 1. Scheme of external influences acting on a stationary vehicle: xoz — fixed
coordinate system; L — vehicle base; a, b, h; — coordinates of the vehicle center of mass.
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In drawing up the scheme of loads acting on a stationary vehicle, the following assumptions and
conditions are adopted:

biaxial vehicle with front drive wheels;

only the wheels of the non-driving rear axle are braked;

braking wheels are blocked;

wheels of the same axles have the same loads, size and characteristics;

there is no air movement;

all wheel suspension is absolutely tough;

the surface on the slope of the road is absolutely flat and firm, located at an angle a. to the horizon.

The system of external loads under the accepted assumptions and conditions are: G, = ma'g — vehicle
gravity (m, — vehicle mass; g — acceleration of gravity); R.w, R.n — normal road reactions to driving and
non-driving wheels; R, — longitudinal reaction of the road to the non-driving braking wheels.

The equation of the vehicle dynamic state in this case is described by the equilibrium equation:
R,-G, -sina=0, 1

where G, -sina = P, is the uphill motion resistance force.
The uphill motion resistance force P, in case of stationary vehicle on a slope is inherently a rolling

force. This force, in accordance with the condition of stationary vehicle, is compensated by
a longitudinal tangential reaction of the road to the braking wheels R , . In this case, the equality is true:

R, =F, )

where P, is the actual adhesion force of the driven braking wheels with road surface.

The stationary condition of the vehicle on the uphill and equation (2) are provided with equation:

M .
—%>@G, -sina, 3)
Tan

where My, is the braking moment to the driven wheels, created by the braking mechanisms; r, is the

dynamic radius of the wheels.
The rolling force P, causes longitudinal deformation of the tires of the braking wheels. As a result,

the normal road reaction to the braking wheels acquires a longitudinal displacement by the value "e".
The stationary condition of the vehicle corresponds to the equality of forces and reactions:

P =R

o xh

=P

oh

£, “)

where F =c, -e is the force of the tire elastic deformation in the longitudinal direction ( ¢, is the tires
longitudinal stiffness coefficient of the braked axis).

Normal reactions to the axes of the stationary vehicle on a slope according to figure 1 determine
the equations:

a+tgo-h,
R, =G, -cosaL,
c ®)
b—e—tgo-h
R, =G, cosa—— &2
L-e

The forward movement of the vehicle can begin when the engine power is applied to the drive
wheels. The applied energy to the driving wheels is characterized by the torque M., acting on the
driving axle. The scheme in figure 2 shows the loads acting to the vehicle when the torque M is
applied to the driving wheels.



MMS2019 IOP Publishing
IOP Conf. Series: Materials Science and Engineering 776 (2020) 012022 doi:10.1088/1757-899X/776/1/012022

Figure 2. Scheme of external influences acting to the vehicle when the torque Mk
applied to the drive wheels.

Under the action of the torque, the drive wheels rotate by an elementary angle §¢,, with an angular
velocity o,, . In this case, a pair of forces P, and P, acting on the arm, equal to the distance between

the axis of rotation of the wheel and the road surface, which is defined as the dynamic radius of the
wheel [14]. Force P/ is the longitudinal force of the drive wheels to the road surface. It causes the

appearance of the corresponding reaction R, . The force P, is applied to the body of the vehicle and
informing it of the translational motion energy. The reaction R, is the sum of reactions R, and
reactions from the action of moments A7, and M, resulting from internal friction in the tire during

deformation of the rolling wheel with acceleration, as well as the reaction caused by the resistance
force of the vehicle body to the movement [14].

Let us make the equation of the vehicle initial uphill motion in the form of a general equation of
dynamics. In case of absence of the drive wheels skidding and slipping of the driven braking wheels,
the sum of the external forces and moments applied to the vehicle, as well as reactions of
nonholonomic bonds and inertia forces during elementary movements of the body and the elementary
rotation of the drive wheels looks like:

M, -3¢, —M, -S5¢, —PF,-Sx+F -&x—P -dx=0, (6)

where M, is the torque to the drive wheels; M, is the moment of rolling resistance of the drive
wheels, 8x is the elementary longitudinal movement of the vehicle body; F is the longitudinal elastic
force of tires, driven braking wheels; P, is the reduced inertia force of the vehicle.

The torque Ar, to the driving wheels of the vehicle characterizes the flow of energy transmitted
from the engine through the transmission:

M, =M, -u, -ng,, (7

where u,,n, is the gear ratio and coefficient of the transmission efficiency.

The reduced inertia force of the vehicle takes into account the inertia of its progressively moving
and rotating masses.

szé‘rt'ma'xa (8)
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where 6, is the coefficient of accounting rotating masses of the vehicle; m, is the vehicle mass; ~ is
the longitudinal acceleration of the vehicle.
The coefficient 6, of accounting rotating mass of the vehicle characterizes the increase of the

vehicle inertia when the angular acceleration of the rotating engine masses, transmission and wheels:

Jouion, +>J
8=1+ e rt nzt Z kv.

rt
1t G

v a

g, ©)

where J, is the inertial moment of the rotating engine masses; »"J,, is the total inertial moment of
the driving wheels, axles and differential; r, is the radius of the drive wheels; r, is the dynamic
radius of the drive wheels.
The moment of rolling resistance of the drive wheels in equation (6) is determined by the equation:
My, =F, 1, (10)

where P, is the rolling resistance force of the drive wheels.
The rolling resistance force P;, of the drive wheels on a solid surface is caused by hysteresis losses

in the tire during its deformation and kinematic losses in the patch of its contact with the surface and is
determined by the equation:

wa:fl;w'sz’ (11)

where £, is the coefficient of rolling resistance of the drive wheels.
To determine the coefficient of rolling resistance f, of the driving wheels, let us find the
elementary work of the rolling resistance forces of the driving wheels A4, during vehicle initial uphill

motion, as:

Ay, =4, — A, (12)

where 4, is the elementary energy applied to the drive wheel; 4, is the elementary useful work,

made by driving wheel.
Elementary energy applied to the drive wheel 4,, is reflected by the first element in equation (6):

A, =M, -3¢, .

Elementary useful work 4,

longitudinal forces > P, acting to the vehicle, with an elementary movement of the body &x :

made by driving wheel, is an elementary work of the sum of the

A, =) P -8x. (13)

The equation that determines the sum of the longitudinal forces acting to the vehicle at the time of
the initial uphill motion, has form:

M,
P :ﬁ—ﬂ—c}a-smam, (14)

' rdw rdw

where M,
their rolling.
Taking into account the detailed description of the components on the right side of equation (12),
and also due to the false slip of the driving wheels [14], even in the absence of external skidding,

is the moment of rolling resistance of the wheels of the driving axle in the driven mode of
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elementary longitudinal movement of the wheel axis is proportional to the rolling radius of the driving
wheel &x =8¢, -7, , the equation (12) will take form:

M, M, .
AI,Wsz.5(pkv_[r_k_r-—ﬁ‘°—Ga-s1na+F;]-rkv-6(pkv. (15)
dr dr

In this case, the elementary work of the rolling resistance force is equal to:
Ay, =P, 1,30, . (16)
Taking into account equation (16), we rewrite equation (15) in the form:

M, M, :
Py Ty 801, = M, ~6<pkv—(r—k—%—6,,~sma+Ej~rkv-&pkv. (an
di di

r Ir

From equation (17) we express the force of the rolling resistance of the driving wheels:

M, M, M, : - 1 .
:—"——"+J—Gu~sma+Fl:Mk-(r"’ r’”j+Mfwo——Gu-sma+Fl. (18)
. v

Tar Tar Ve d

P,
fo T

dr r

dr
The rolling resistance coefficient is defined as the ratio of the rolling resistance force of the drive
wheels (18) and the normal reaction R., on this axis:

f= M, +ﬁ_ Tar T +Ga-sin0L—E‘ (19)
R 1, R v, T, R

W r W

Ir W

The rolling resistance moment of the driving wheels M, is due to hysteresis losses in the rolling
tire when the normal deformation of its sections in contact with the surface changes. This moment is
formed by the normal reaction of the bearing surface of the road on the arm «,,, which is caused by
the longitudinal displacement of the total vector R, relative to the axis of the driving wheels when

they are rolling in the driven mode [24-31]. Therefore, for the rolling in steady motion mode, it can be
written:

MﬁuO = sz ' atw . (20)
If the condition is true:
M,y =M, 1)

equation (19) is converted to:

M, 1 N G, -sina—F,
7, R )

w

(22)

From the equation, it follows that the coefficient of rolling resistance of the driving wheels f, at

the beginning of the uphill motion depends on the elastic force to the braking driven wheels.
Obviously, in the case of the vehicle initial uphill motion when the driven wheels are braked, the
rolling resistance coefficient of the driving wheels is zero due to the absence of tangential deformation
of the tires. After applying the torque from the transmission to the driving wheels of the stationary
vehicle, taking into account equation (21), their rolling resistance coefficient increases from zero to the
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value determined by equation (22). The subsequent increase of the torque to the driving wheels causes
an increase in the rolling resistance coefficient of the driving wheels in accordance with the equation:

fkv_%_'_ﬂ_(”d,._’”w)_'_cu'Sil’lOL—F; . (23)

r, R v, T, R

Ir W w

The initial uphill motion of the vehicle is possible when the equation:
M, 2M,,+(P,—F)-r,. (24)

If equation (24) is true, the vehicle body has a longitudinal displacement x. In this case, the elastic
force of the braking driven wheels decreases in accordance with the equation:

F=c,(e-x), (25)

the rolling resistance coefficient of the drive wheels increases in proportion to the torque in
accordance with equation (23), and the possibility of uniform movement of the vehicle body is
determined by the equation:

M, >Mfw0+|:Pon_Ct'(e—x):|.rdh' (26)

It should be noted that in this case the vehicle body has a longitudinal movement due to the
applying energy of engine capacity to the driving wheels and the energy of the elastic deformation of
the braking driven wheels. The equation of the vehicle body uniform movement (26) is true only with
an increase of the torque Az, . This is due to the fact that with an increase of the longitudinal

displacement “x”, the value of the elastic force of the braking wheels decreases and the rolling
resistance of the driving wheels f,, increases, and the force P, increases accordingly. When the

vehicle body moved at a distance equal to the elastic deformation "e" of the braking driving wheels, its
further movement is possible only due to the energy applied to the drive wheels from the transmission.
If the driven wheels are still braked, the longitudinal deformation of their tires causes an elastic force
directed against the movement of the vehicle body. In this case, before the start of sliding or rotation
of the driven braking wheels, equation (23) is true.

If the longitudinal movement x of the vehicle body increases, and the braking force to the driven
wheels is greater than the force of their adhesion, which corresponds to equation (27), the driven
braking wheels will slip:

M
— >|ct (t_'x)| >P«ph max * (27)

Ty
P =R, -0, is the force of driven wheels adhesion to the road surface (¢, is the adhesion

coefficient).
In this case, the rolling resistance coefficient of the vehicle's driving wheels corresponds to:
fkv:ﬂ'i_%' Yo — e +G‘1'Sina+P®hmax ) (28)
rdr sz rdr : r}cv sz

If during the longitudinal movement of the vehicle body there is a condition:

>c,-(e—x)>%, (29)

®h max
Tan
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then the driven braking wheels, in addition to the translational motion, will acquire a rotational motion
(figure 3). In this case, equation (28) is converted to:

_ay, M, (r,-1, | G,sina M,+R,-a,
f= e P , (30)
rdr sz rdr ’ rkv sz sz ’ th

where R, -a,=M ,,

the longitudinal displacement of the normal road reaction to the driven wheels.

Using the obtained results, it is possible, with known methods [14], to compose a mathematical
model of the vehicle initial uphill motion with the absence of the drive wheels skidding. Taking into
account the false slipping of driving wheels, the vehicle has two degrees of freedom and its movement
is described by the equations of the rotational motion of the wheels and the translational motion of
the body.

is the moment of rolling resistance to the driven wheels in the driven mode; a,, is

Figure 3. Scheme of external influences acting to the vehicle when the torque My
applied to the driving wheels and the rotation of the driven wheels.

The system of equations describing the dynamic behavior of the vehicle after applying torque to the
drive wheels is:

d(J)kv Mk _Mfw .
dt ka.red ,
dv do,,
—=p, = 31
e " ar 1)
dx
— =
dt

Where ka4 red

The reduced moment of inertia to the drive wheels is the sum of the inertia moment of the rotating
engine masses, transmission and drive wheel:

is the reduced moment of inertia to the driving wheels of the vehicle.

Jvred = .u;’ Ny +Jf’r +2ka . (32)
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The rolling radius of the drive wheels 7, provided M, <0,6-P, . -r, [24] linearly depends on the

W max

moment My:
n,=r—AM,, (33)

where A = d]\iIK is the tires tangential elasticity coefficient of driving axle.

The torque applied to the driving wheels in the first equation of system (31) determines the
equation (7), the rolling resistance moment of the driving wheels the equations (10), (11) and in
accordance with the movement condition of the equations (19) or (23), (28 ), (30). In accordance with
the proposed mathematical model of the vehicle initial uphill motion, there are obtained parameters for
a vehicle with a total weight of 9,500 kg for a 10-degree rise with fuel supply of 15 % and 40 % from
the maximum (figure 4).

12 - r3 16 1 r o

m/sec kN A - m/sec
kN 4 ' m 1 / \ rm
12 A /

L]

Figure 4. The parameters of the vehicle initial uphill motion with different parameters
of engine management: a — low fuel supply; b — high fuel supply; 1 — torque to the
driving wheels “ A7, ”; 2 — the moment of resistance to the driving wheels “ M ”;

[T3EIR

3 —speed “v”; 4 — distance “x”.

The vehicle dynamic parameters are obtained under the condition that the x<e control of the
braking torques to the braking wheels provides the condition:
%th-(e—x), (34)
Ty
and for x>e, the braking torque to the wheels is zero. Figure 4a clearly shows the effect of the tires
elastic deformation that were not braked before the initial motion of the non-driving wheels to the
dynamics of the vehicle initial uphill motion. If the fuel supply increase (Fig. 4b), the engine applies
more energy to the driving wheels, and the tires elastic energy of the braking wheels, all other
conditions being the same, remains unchanged, therefore, its influence on the initial movement speed
is not so significant.

5. Conclusion

The proposed mathematical model of the vehicle initial rectilinear motion on a slope takes into
account the tires elastic deformation energy of braking wheels at the beginning of movement. Taking
into account the tires deformation energy of braking wheels at different dynamic conditions of the
vehicle initial uphill motion, it is possible to estimate more correctly the dynamic and energetic
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parameters of the initial movement specify the requirements to the algorithm of automatic vehicle
brake control systems and, as a consequence, improve the quality of control process.

The proposed mathematical model of the vehicle initial rectilinear motion on a slope can be used as
a theoretical basis for the formation of the structure of automatic systems, analysis and synthesis of
control algorithms in this mode
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