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The calculation of the magnetic field of currents has important practical and methodological
significance. The determination of the magnetic field of current in massive conductors is based
on the integration over the entire volume of the conductor of the magnetic fields created by the
current elements. It is much easier to calculate the field using the linear current model, but the
conditions of its application (the parameters of the conductor cross-section must be much smaller
than the distance to the observation point) are idealized and limit the practical application of
the model. The literature considers the magnetic field of currents in cylindrical conductors, but
in practice, conductors with a rectangular cross-section are used. The purpose of the work is to
obtain mathematical expressions for determining the induction of the magnetic field generated
by a direct current in a straight long conductor with a rectangular cross-section, on the axes of
symmetry of the cross-section, and to calculate the error of applying the linear current model
for this, depending on the relative distance to the observation points. For points on the Ox axis
(in the direction of the cross-section width), the values of the true magnetic field induction B
are greater than the linear current field, and for points on the Ou axis, on the contrary, they are
smaller. With an increase in the degree of elongation of the conductor cross-section (decreasing
¢), the absolute and relative errors of the application of the linear current model increase, since
in this case the conductor and its field increasingly differ from a cylindrical conductor, the field
of which, like the linear current field, is cylindrically symmetrical. The results of the work have
significant practical significance and can be used in the development of electrical devices to
determine the true magnetic field, or approximately in the linear current model with a known
error. The methodological significance of the work lies in demonstrating the limitations of the
application of models in physics and the dependence of the model error on the conditions of its
application.

Key words: magnetic field, conductor with a rectangular cross-section, error of the linear
current mode.

leawmuna 10. K., 3a600annuii B. B. Maznimne none cmpymy 8 npamomy npoGiOHUKY 3
RPAMOKYmMHUM nePePi3om i ROXUOKA 11020 UHAYUEHHA 3 00ROMO2010 MOOEN NIHIIHO20 CIPYMY

Pospaxynox maenimmnozo nons cmpymie Mac 6adiciuge npaxmuine i MemoouuHe 3HaueHHs..
Busnauenns maenimnoeo nous cmpymy 8 MacusHux nposiOHUKAx OA3yeMvCs Ha iHmezpy8anHi no
8CbOMY 00 °€MY NPOGIOHUKA MASHIMHUX NOTIG, WO CIMBOPIOIOMbCA eNeMEeHMaMu cmpymy. 3HauHo
npocmiute po3paxyeamu noie 3a 00NoMo200 MOOeli IHIUHO20 Cmpymy, aie YMogu i 3acmocy-
6aHHs (napamempu nepepizy NPosiOHUKA NOBUHHI OYMU 3HAYHO MEHUUMU 8I0CTAHI 00 MOYKU
cnocmepedicenist) i0eanizos8ani i 0OMelNcyroms NpaKmuyHe 3acmocysants mooeni. B nimepamypi
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PO32NA0AEMbCA MASHIMHE NoJle CIMPYMI8 8 YUNTHOPUYHUX NPOBIOHUKAX, ale HA NPAKMUYi GUKO-
PUCMOBYIOMbCA NPOBIOHUKIU 3 NPAMOKYMHUM nepepizom. Mema pobomu — ompumamu mame-
MAMuyHi 8Upasu Oisi BUSHAYEHHS THOYKYIT MACHIMHO2O NOJIsL, NOPOOIHCEHO20 NOCMIUHUM CMPY-
MOM 8 NPAMOMY 00820MY NPOGIOHUKY 3 NPAMOKYMHUM Nepepi3oM, HA OCAX CUMempii nepepizy,
i po3paxyeamu noxXuOKy 3acmocy8ants 0iist Yb020 MOOe MIHIIHO20 CIMPYMY 8 3ANeHCHOC 610
8I0HOCHOI gi0cmani 00 mo4ok chocmepexcenns. /s mouoxk na oci OX (8 HANPSAMKY WUpUHU
nepepizy) 3HaueHHs IHOYKYIl iCMUHHO20 MAZHIMHO20 oS B Oinbuti Hide NOS NIHIIHO20 CIMPYMY,
a ons mouok ua oci Oy, Hasnaxu, meHwi. 13 30i1buweHHIM CmyneHi eumseHymocmi nepepizy
NPOBIOHUKA (3MEHUEHHAM C) aDCOMOMHA | BIOHOCHA NOXUOKU 3ACTMOCYBAHHA MOOe HIUHO20
cmpymy 3pocmaioms, max sk npu ybomy HPOGIOHUK I 11020 noie éce bilibuie 8IOPI3HAIOMbCIL 810
YUNTHOPUYHO2O NPOBIOHUKA, NOJLE K020, 5K I NoJe NIHIHO20 CINPYMY, YULTHOPUYHO CUMEMPUYHe.
Pezynomamu pobomu maioms cymmese npakmuyne 3HAYEHHs | MOJICYMb OYMU GUKOPUCTHAHUMU
npu po3pooyi enexmpomexHivHux npucmpois O GU3HAYEHHs ICMUHHO20 MASHIMHO20 Nos, abo
HAOAUNCEHO 6 MO0l NIHIHO20 CMPYMY 3 8i00MOI0 Noxubkol. Memoouune 3nauenHs pobomu
nonseae 8 0eMoHcmpayii 0oMeiceHocmi 3acmocy8ants mooenei y Qizuyi i 3anexircHocmi noXuoKu
MoOeini 8i0 yMos i 3acmocy8anHs.

Knwwuoei cnoea: maznimne none, npogioHUK 3 NPAMOKYMHUM nepepizom, noxuoka mooeni
JHIIHO20 CMpYMY.

Introduction. The development and design of various electrotechnical devices
require the determination of the magnetic field, which makes the calculation of current
magnetic fields of great practical importance. The methodological value of such a cal-
culation lies in demonstrating the use of the linear current model and the dependence of
its error on the application conditions.

The determination of the magnetic field of a current in massive conductors is based
on integrating the magnetic fields created by current elements throughout the volume of
the conductor. This method involves significant mathematical complexity, requires con-
siderable effort, and high qualification. It is much simpler to determine the field using
the linear current model, but the conditions for its use (the cross-sectional dimensions
of the conductor must be much smaller than the distance to the observation point) are
idealized and limit the practical application of this model.

Review of Recent Publications. Textbooks and methodological literature widely
describe the calculation of the magnetic field of a current in cylindrical coordinates, based
on the Biot—Savart—Laplace law and integration of the fields of current elements [1,2].

The magnetic field of massive conductors is also determined via the vector potential
[2,3], which is found by integrating over the conductor’s volume. The field is defined
as a series of cross-sectional moments, of which the linear current field (zero-order
moment) changes the least with distance [3]. This calculation method requires a high
level of qualification and deep knowledge.

In practice, rectangular conductors are widely used.

In [4], the magnetic field on the axes of a square conductor and the error of applying
the linear current model to its determination were considered. However, such conduc-
tors are not used in practice.

We are not aware of any works in which the magnetic field on the symmetry axes
of a rectangular conductor and the calculation error using the linear current model are
determined.

Research Objective. The goal of this work is to derive mathematical expressions
for determining the magnetic field induction generated by a steady current in a long
straight conductor with a rectangular cross-section, along the symmetry axes of the
cross-section, and to calculate the error of using the linear current model depending on
the relative distance to observation points.

Another objective is to determine the effect of the elongation degree of the conductor
cross-section on the error of the linear current model.
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Presentation of the main material.

Methodology for calculating the magnetic field.

The magnetic field around a conductor with a rectangular cross-section was studied
a x4, where a —width, a & — hickness of the conductor. A stationary magnetic field
of direct current was considered. It was assumed that the current is distributed evenly
over the cross section of the conductor. Current density 7 = ﬁ = const. The con-
ductor is straight and long. ¢> a, . The current in the conductor was considered as
the sum of the currents in the elementary tubes dJ = ;dS= j dxdy with a rectangular
cross-section, which were considered as linear currents. The magnetic field induction of
a direct long tube current was determined based on the Biot-Savart-Laplace law:

UodJ  pod dxdy

= = 1
dB 2 v 2mnabr ’ M

where 1 is the distance from the tube to the observation point. The resulting field of
all current tubes was determined based on the superposition principle by integrating
(2.1) over the entire cross-section of the conductor

B= jdE 2)

To integrate a vector dB, we introduced a coordinate system with the origin at the
center of the section and define the projections dB, i dB, . Then

B, = [dB;B, = [dB, 3)
N N

The magnetic field on the axes of symmetry of the section was studied. This is due to
the fact that all physical characteristics of objects on the axes of symmetry have extreme
values. For example, for a rectangular section on the axis directed along the width, the
moment of inertia and stiffness are maximum, and in the direction of the thickness —
minimum. In addition, on the axes of symmetry, the integrals (3) have the simplest form.

Magnetic field on the axis of symmetry in the direction of the cross-section
width.

Select an arbltrary cross-section element dS, and we determine the field induction
dB , , which is created in t.A on the x-axis by the current tube passing through ds,
accordlng to (1) (Fig. 1) The current is directed in the direction of the z-axis.

Since Ox is the axis of symmetry, it is always possible to find a symmetrical and
equal cross-sectional element d S, , current through which creates a field at point A
dB, =dB, . he components of these vectors in the x-axis direction are compensated,
and in the y axis direction they are added, so the field on the x-axis

B,=B, de 4)
Projection of the field induction of an elementary current tube onto the y axis

o J dxdy (R— x) 5
dB, = dB - cosa = ——=———,> (%)
where R=0OA — distance from the center of the section to the observation point,

72 =(R—x)%+ 42 cosa=R¢;x..
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Fig. 1. Magnetic field of current tubes
Magnetic field induction at point A
b a b 2 a)?
_ _ kI 3 2 _R-x)dx _ ped 105, ¥ +(R+E> _
B, = BAY =2 2 wat fOZ dy) f—%y2+(R—x)2 " mab 2 02 yz_,_(R_E)Z dy -

2

42 a\2

eI (6, 7 +(R+-) a & a &

= ﬁ(z e ey T (R+5)arctg s — (R =) aretg m) ©)
4 2

Since the field depends on both the distance from the center of the section to the
observation point R, and from the cross-sectional dimensions, we introduce the relative

. R . . .
distance —, & = ca, where ¢ etermines the degree of elongation of the cross section.
a

Substituting these substitutions into (6) we obtain

Ry2_ 4R 2
_ HoJ 1 4(1) +a +1+c
2ma

. : , [(2 S N 1) arctg 2§c+1 _ (2 S — 1) arctg ch_l )H @)

2 ad)2-alr14e2 | c

This expression defines the magnetic field induction on the x-axis as a function of the
. . R . . .
relative distance — to the observation point and the degree of elongation of the cross

a
section c. The field on the x-axis is directed perpendicular to this axis.

Magnetic field on the axis of symmetry in the direction of the cross-section
thickness

Consider the magnetic field created at point C on the y-axis by two equal and sym-
metrical current tubes with cross-sections

dS, and dS,. The components of the field induction in the y-axis direction are com-
pensated, and in the x-axis direction they are added, therefore
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. L . . R
Let us express the field induction in terms of the relative distance — and the degree
a
of elongation of the cross section ¢ = %

R R
711 . 4>%+4—+14+c* 1
Be=H"|—ip——a — - (2 +c)
2ma |2¢ 4(;)2_4E+1+c2 c

Vector B at points on the y axis is directed perpendicular to this axis, its modulus is
determined by expression (9).

The results of calculating the magnetic field induction depending on the relative
distance to the observation points on the axes of symmetry according to (7) and (8) are
given in Table 1.

(2 S - c) arct

] )

At £ = o he obtained expressions show that in this case B — 0, which is a neces-
a

sary condition of their loyalty.

Error in applying the linear current model to the calculation of the magnetic
field of a conductor with a rectangular cross-section

The calculation of the magnetic field based on (7) and (9) is laborious and requires
appropriate qualifications. It is much easier to determine the field approximately based
on the linear current model. But the condition for using this model (the distance from the
observation point is much greater than the characteristics of the conductor cross-section
R > a)idealized and does not allow for practical application of the model. The error of
applying the model and its dependence on distance are also unknown.

We have compared the results of calculating the true magnetic field of a direct cur-
rent in a long straight conductor with a rectangular cross-section based on (7) and (9)
with the field of a linear current of the same magnitude passing through the center of the
cross-section. The field of a linear current is determined by.

The calculation of the magnetic field based on (7) and (9) is laborious and requires
appropriate qualifications. It is much easier to determine the field approximately based
on the linear current model. But the condition for using this model (the distance from the
observation point is much greater than the characteristics of the conductor cross-section
R > a)idealized and does not allow practical application of the model. The error of the
model application and its dependence on distance are also unknown. We have compared
the results of calculating the true magnetic field of a direct current in a long straight
conductor with a rectangular cross-section based on (7) and (9) with the field of a linear
current of the same magnitude, which passes through the center of the cross-section.
The magnetic field is determined by

_ 7_ uoJd
By = o Z,T(;(g) (10)

In this expression, the field is determined depending on the relative distance 5
a
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Table 1

Dependence of the magnetic field induction B, created by a direct current
in a long straight conductor with a rectangular cross-section, on the field

induction of a linear current B , absolute error, relative error from the relative

distance to the observation points on the axis of symmetry of the section

Relative distance, R
Parameter a
0,5 1 | 2 | 4 6
on the OX axis, C=0,2
ol
ﬁ 3,6456 1,0892 0,5158 0,2527 0,1673
Mol
- 2,000 1,000 0,500 0,2500 0,1667
tol
AB, > 1,6486 0,0892 0,0158 0,0027 0,0006
|AB|
5 % 453 8,2 3,1 1,1 0,4
on the OY axis, C=0,2
nol
‘oma 1,5773 0,9332 0,4774 0,2455 0,166
ma
Mol
- 2,000 1,000 0,500 0,2500 0,1667
ol
AB,ﬁ -0,4227 -0,0668 -0,0226 -0,0045 -0,0007
[AB|
5 % 26,8 72 3,9 1,8 0,4
on the OX axis, C=0,5
nol
ZL 2,3966 1,0647 0,5081 02518 0,1671
na
]
HE - 2,000 1,000 0,500 0,2500 0,1667
Kol
AB, o — 0,3966 0,0647 0,0081 0,0012 0,0004
|AB|
— % 16,6 6,1 1,6 0,5 0,2
on the OY axis, C=0,5
1
% 1,6045 0,9408 0,4896 0,2485 0,1662
Mol
B, —~— 2,000 1,000 0,500 0,2500 0,1667
2ma
1
AB,% -0,3905 -0,0592 -0,0104 -0,0015 -0,0005
AB
! 5 | L % 242 6,3 2,1 0,6 0,3
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The absolute error of the model application was calculated AB = B — B, and rela-
tive error £ = % depending on the relative distance to the observation points on the

axes of symmetry of the section. To determine the effect of the elongation of the section,
calculations were carried out for ¢ = g = 0,2 and ¢ = 0,5. The calculation results are
presented in Table 1.

Analysis of the calculation results given in the table and Fig. 2 shows that when
approaching the conductor, the error of using the linear current model to calculate the
magnetic field on the axes of symmetry of the DC cross-section passing through a long
straight conductor with a rectangular cross-section increases sharply.

50 ¢ |as| i

L
45 1
40
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1

25 )

2
20
15 2
10
5 R

a

0

05 1 2 & 6

Fig. 2. Dependence of the relative error of determining the magnetic field induction on the
axes of symmetry of a straight conductor with a rectangular cross-section on the relative
distance to the observation point: X — on the OX axis, A — on the OY axis,
= — for C- 0,2; =—a— for C=0,5

o . . . R
With increasing relative distance, the error decreases and at —=6 becomes less
a

than 0.4% for all cases. For points on the Ox axis (in the direction of the cross-sectional
width), the values of the true magnetic field induction B are greater than the linear cur-
rent field, and for points on the Ouy axis, on the contrary, they are smaller. For these
points, the absolute deviation AB is negative. With an increase in the degree of elon-
gation of the conductor cross-section (decreasing c), the absolute and relative errors
of the application of the linear current model increase, since in this case the conductor
and its field increasingly differ from a cylindrical conductor, the field of which, like the
linear current field, is cylindrically symmetrical.
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The obtained error values make it possible to fairly simply determine the magnetic
field of a long straight conductor with a rectangular cross-section using the linear cur-
rent model approximately with a known error, which opens the way to the practical
application of this model.

Conclusions and prospects for further research. Mathematical expressions of the
dependence of the induction of a true magnetic field of direct current in a long straight
conductor with a rectangular cross-section on the relative distance to the observation
point on the axes of symmetry of the cross-section, where the field induction takes
extreme values, have been obtained. Their validity is confirmed by the fact that at a large

distance, when RS oo, the field induction tends to zero. On the axis in the direction

a
of the cross-sectional width, the true field is stronger than the field of the same linear
current, and in the direction of the thickness — on the contrary, less. On the axes of sym-
metry, the vector is perpendicular to the axes.

The error of applying the linear current model to the calculation of the current field
in a conductor with a rectangular cross-section has been calculated depending on the
relative distance to the observation points on the axes of symmetry of the cross-section,
where it has extreme values.

The results of the work have significant practical significance and can be used in the
development of electrical devices to determine the true magnetic field, or approximated
in the linear current model with a known error, which opens the way to the practical
application of the model.

The methodological significance of the work lies in demonstrating the limitations of
the application of physical models and the dependence of their error on the conditions
of use of the model.
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